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1. Introduction 



In 1939 and 1940 in j30j and [27] Rankin and Selberg independently 
introduced what is now called a Rankin-Selberg convolution. Very 
roughly, if 

m>l m>l 

are two L-series associated to modular forms, each convergent when 
9^es > 1, with a functional equation in s, and a meromorphic con- 
tinuation to C, the Rankin-Selberg convolution provides a functional 
equation and a meromorphic continuation to C of the new L-series 



This idea had a profound impact on the field and was responsible for 
what was at that time the best progress toward the Ramanujan con- 
jecture. 

In 1965, [28], in a paper summing up progress in modular forms, 
Selberg introduced the notion of a shifted convolution. If /i is a positive 
integer, his shifted convolution was the series 



Selberg mentioned that the meromorphic continuation of this could be 
obtained. (It converges absolutely for 9^e s > 1.) He went on to remark: 
"We cannot make much use of this function at the moment...". 

Since then it has been generally recognized that the analytic prop- 
erties of series such as (11. ip play a very important role in estimating 




m>l 




(2m + h) 



(1.1) 



m>l 
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the size of certain shifted sums, such as 



a{m)h{m + /i), 



and that these in turn play an important role in progress toward the 
Lindelof Hypothesis, that is, the bounding from above of automorphic 
L-series at points inside the critical strip. See [23] for a survey of this 
subject. 

A major factor hindering progress in this area has been a difficulty in 
applying the meromorphic continuation of the series (11. ip to the anal- 
ysis of shifted sums. Although non-trivial results can be obtained from 
any continuation past the trivial line d\zs = 1, technical difficulties 
have interfered with more refined applications. 

One purpose of this paper is to suggest that the series (11.11) may not 
be the correct one to look at, or at any rate, might not tell the whole 
story. In particular, we will show that the series 



and generalizations of it, can be meromorphically continued to all of C. 
This proves to be a surprisingly difficult task and is the subject of Sec- 
tions 2-5. Once done, we extend this notion to multiple shifted Dirich- 
let series, in which a sum is taken over the shifts h as well, and show that 
these as well can be meromorphically continued. One interesting aspect 
of these shifted multiple Dirichlet series is that just like their L-series 
and multiple Dirichlet series counterparts they have an analog of a crit- 
ical strip where all the deep number theoretic information is buried. 
Once the continuations have been established, some strong results on 
shifted sums, in which there is significant cancellation uniformly in the 
length and the shift parameter are obtained(Theorem ll.4p . From these 
estimates subconvexity bounds (Theorem 11.11) and mean values of L- 
series (Theorem II. 2p follow with little difficulty. The main purpose of 
this work is the introduction of the series (II. 2p and its generalizations, 
and of the techniques leading to Theorem 11.41 The applications to 
subconvexity and mean values of L-series are included as a "proof of 
concept" to demonstrate the advantages of this approach. 

1.1. A subconvexity bound. The subconvexity problem for GL{2) 
can be posed in several different aspects and here we will focus on the 
conductor of a twisting character in the context of holomorphic cusp 
forms. Specifically, let / be a primitive holomorphic cusp form of even 




(1.2) 
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weight k and character xi for ro(Ai'o), having Fourier expansion 

f{z) = J2 A(m)m('=-i)/2e2-i-^ 

m>l 

For X a Dirichlet character mod Q, we write the twisted L-series as 

m>l 

This possesses a functional equation as s — ?■ 1 — s and the convexity 
bound for the central value which follows is 

L(l/2,/,x)«Q^/'+^ 

The Lindelof Hypothesis in Q aspect states that the exponent can be 
reduced from 1/2+e to e, and any bound that reduces 1/2 to 1/2 — 5, for 
some 5 > is called a convexity breaking bound. The corresponding 
convexity bound for GL{1) is 1/4. 

In a groundbreaking series of papers, Duke, Friedlander, and Iwaniec 
developed techniques that broke the convexity bound for various fam- 
ihes of L- functions | 8 [ W] I lU] . Another celebrated result, in the con- 
text of GL{1) and a Dirichlet L-series, was obtained by Conrey and 
Iwaniec, [6], who showed that 

L(l/2,x)«g^/'+^ 

where the the character x is real with conductor Q. This is analogous 
to the Weyl bound for the Riemann zeta function, and it remains the 
best known result for a GL{1) L-series. 

Progress has been made in GL{2) by a number of different authors, 
with the most recent and strongest results in the twisting parame- 
ter being obtained by Blomer and Harcos. In |3], they demonstrate 
that for / a primitive holomorphic or Maass cusp form of archimedean 
parameter/i, level and trivial nebentypus 

^(1/2, 

«, (|s|i/Vr/'Ari/V/' + |sr/V|iVi/'(Ar,g)i/V/')(|s||/i|iVg)^ 
when / is holomorphic, and 

L{l/2J,x) 

«, (1.^/^(1 + \fi\fN'/'q'/' + \s\'/'il + \fi\)y'N'/\N, qf'W'^) 

^{\s\{l + \^^\)Nqy 

in the Maass form case. 
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In [5], Blomer and Harcos, work over an arbitrary totally real field 
K. In this context they let vr be an irreducible cuspidal representation 
of GL{2, K)\GL{2, Ax), with unitary central character, and x a Hecke 
character with conductor of norm Q. They also let 6, with < ^ < 
1/2 be an approximation toward the Ramanujan-Petersson conjecture. 
(Here 6 = 7/64 is the best known bound. See | 21j for Q and [3]for an 
arbitrary number field. The Ramanujan-Petersson conjecture predicts 
6 = 0.) They obtain the bound 



Here, as our point is to demonstrate a proof of concept for a new 
method, we work in a more restricted setting than in the work of Blower 
and Harcos, restricting ourselves to Q, and the case of / holomorphic. 
In this setting we in some sense combine the above theorems, removing 
the nebentypus restriction on / as was done in [5] and the dependence 
on the Ramanujan-Petersson conjecture, as was done in In Sec- 
tion in] we prove the following 

Theorem 1.1. Let f be a primitive holomorphic cusp form of even 
weight k, character Xi fixed level Nq, and let x be a Dirichlet 
character modulo Q. Then 



1.2. A second moment application. Let f,g be cusp forms of even 
weight k for ro(A'o). As discussed above, the question of the size of 
L{s, /, x) for any fixed /, s and is related to the Lindelof Hypoth- 
esis and progress is slow. When an average is taken over one of the 
parameters the problem becomes more tractable, but answers remain 
more elusive than one would like. 

As another application of the techniques developed here we study 
the second moment 



that is, the average value of the product of the two L-series over the 
ip{Q) charecters modulo Q. If the Lindelof Hypothesis is true, the 
values of the individual L-series should be no larger than Q^, and the 
average should reflect the fact that the values are close to constant. 

We are not aware of previous results on this problem in the case 
f g, but the case f = g has attracted a great deal of attention. In 
[T7] , Heath-Brown found an asymptotic formula in the case where / was 
an Eisenstein series, when Q was subject to certain constraints. In [28], 
Soundararajan found an asymptotic formula valid without constraints 



L(l/2,7r®x) <• 



L(l/2,/,x)«Aro,e Q' 
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on Q, and just recently, [33j , Young has found such a formula with a 
power saving error term. The case where / is a modular form was 
treated in [31], by Stefanicki, who found an asymptotic for this case 
when the factorization of Q obeyed certain constraints and in [11], Gao, 
Khan, and Ricotta significantly weakened these constraints. 

The ultimate goal is to prove a result for general / with a power 
savings in the exponent, for example 



in the case f ^ g., for some 5 > 0. Here Cj ,Cj ,Cf^g should be constants 
depending on f,g, and independent of Q. 

This remains out of (our) reach, but interestingly there seems to be a 
clear reason for this. As we will see, the values of the leading constants 
arise not only from the diagonal contribution of certain sums, but also 
from the off-diagonal terms. The contribution from the off-diagonal 
terms arise in the form of a special value of a multiple Dirichlet series 
at a point inside what corresponds to a critical strip. This multiple 
Dirichlet series is a function of the Q parameter, and in order to obtain 
the desired asymptotic expression it would be necessary to write this 
value as a main term plus an error term. There is, however, no reason 
to believe that such an expression should exist. (For example, it is not 
likely that the special value of the Dirichlet L-series L{1/2,xq) can 
be expressed as a main term plus an error term.) However, it is quite 
reasonable to believe that an average of these special values, as Q varies 
over an interval, could be written as a main term plus an error term, 
and the question then becomes "how short can this interval be made?" 

If Q is of size X, the optimal result in this setting would be an 
average over Q in an interval of length around X and this is in fact 
what we succeed in proving. In particular, we prove the following 

Theorem 1.2. Let 



Sfj{Q) = cf \ogQ + cf + 0{Q-'), 



in the case f = g and 



SfAQ) = (^f,9 + o{Q-'), 



SfAQ) 



1 



J2 L{l/2,f,xW/2,g,x). 



XmodQ 



The smoothed sum 



V 



r2(log(X/Q))V{4^) 



Q>1 
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defines an average of Sf^g{Q) over the interval of length X/y centered 
at X . For any y in the interval 

1 < y < x^-' 

we have the following estimates for Sf,g{X, y): When f = g 

^ . C,{f)L{l,f,V^)e-/y'XlogX , C2{f)X 
SfAX, y) = + —-— 

+ 0(—^\+0{X') (1.3) 

When f ^ g 

Cif Q)e^ly^ /X^/2\ 

SUX, y) = L{i, f^9)x + o l^-^j + 0{x% 

Here Ci{f),C2{f),C{f,g) are non-zero constants that can be made ex- 
plicit. 

An immediate corollary of this is the following 

Corollary 1.1. Given any X ^ 1 and e > there exists a character 
X of conductor Q, with \Q — X\ ^ such that 



Lil/2J,xmi/2,g,x)^0. 

That is, the L-series of f and g, twisted by x, o-f^ simultaneously 
nonzero at the center of the critical strip. 

Remark 1.3. There is a power savings in the exponent of size exactly 
the interval of Q we average over. In this average we sum over all Q in 
the given interval with the smallest interval length being X^. It seems 
likely that if there were restrictions on the divisors of Q it would be 
difficult to get the length of this interval down past X^/^. 

1.3. A bit more on shifted convolutions. As mentioned above, the 
main purpose of this paper is to present a new method for approaching 
problems of this type. In particular, we will introduce a new class 
of shifted single and multiple Dirichlet series and show how their full 
meromorphic continuation can be obtained, and how this meromorphic 
continuation can be applied to problems such as the second moment 
problem above. 

Let £1,^2 be two positive integers, and fix /i > 1. Suppose that /, gf 
are modular forms of even weight k and Fourier expansions 

f[z) = Y.c^i^y"'^" = ^^(m)m('=-^)/2g2^*m^^ 

m>l m>l 
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g{z) = J^K^y^^"^" = 5]]5(m)m('^~i)/2g2«m.^ 

m>l m>l 

The fundamental single Dirichlet series that we will investigate is 

a(mi)6(m2) 



m2>i-,mi£i=m2i2+h 

The £1,^2 parameters are included for use in amplification arguments 
targeted at upper bounds for individual L-series. See, for example, [2] , 
[1] and [26]. When £1 = £2 = 1 this specializes to 

m>l 

Selberg mentions that the meromorphic continuation of his series can 
be obtained by combining "the technique of Rankin" with a certain 
Poincare series: 

76roo\r 

Goldfeld, [I2], wrote down the series (11. 4p . rather than (11.11) and re- 
marked that Selberg had briefly indicated how to obtain its meromor- 
phic continuation. Goldfeld approaches that continuation in a different 
way, using instead the Poincare series 

J2 i^rn-fz) (277 1 /i I Jm 72) e^'''''^' . 

7Groo\r 

The function /^(y) is the modified Bessel function of the first kind, and 
grows exponentially. Goldfeld achieves the meromorphic continuation 
of (II. 4p to fHe s > 1/2 via the analytic properties of an inner prod- 
uct of his Poincare series with / and g. However the Dirichlet series 
that comes out of this method is more closely related to (II. ip than to 
(11.41) . and a hypergeometric series needs to be introduced to carry over 
the information. The presence of this hypergeometric series seriously 
impacts efforts to continue past 9^es > 1/2. 

A fundamental difficulty with the series (II. ip seems to be the tying 
together of the h and the m variables in the denominator. One can see, 
for example, that if one is interested in estimating sums of coefficients 
of a given length x, that this sum becomes seriously unbalanced when 
h greatly exceeds x. It seems to be the case that the only way to 
"untie" the m and h is to reverse the sign of the h in the exponent of 
the Poincare series obtaining, for example: 
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When one does this, the series D{s; h) comes naturally out of a for- 
mal computation of a triple product. Unfortunately the series Phiz; s) 
grows exponentially in y, making it difficult to turn the formal com- 
putation into a genuine one. Goldfeld faced a similar difficulty in 
[12j and dealt with it by truncating the fundamental domain. In the 
present case the difficulties seem to be more fundamental and it ap- 
pears to be necessary to work with an approximation to Ph{z; s) by 
two extra parameters. This is done in Sections 2-5. It is shown there 
that the general series D{s; h,ii,£2), which converges for $Kes > 1, 
has a meromorphic continuation to all of C, with poles at the points 
1/2 — r ±itj. Here the eigenvalues of the Laplacian are 1/2 ± itj and 
r > runs over non-negative integers. To accomplish this a spectral 
expansion for D{s] h,£i,i2) is found which is absolutely convergent for 
Dies < 1/2 — k/2. The gap between 1 and 1/2 — k/2 is bridged by an 
approximation to D{s] h) which is absolutely convergent everywhere, 
and whose limit approaches D{s; h) as the two parameters tend to in- 
finity and zero respectively. The consequent meromorphic continuation 
of D{s] h) is the content of Proposition 15. 1[ 

Most applications of shifted sums call for a sum over the shift h. 
Because of this it is natural to consider the collective behavior of 
D{s; h, ii, £2) as h varies. This is accomplished first in the meromorphic 
continuation to of the shifted double Dirichlet series: 

D{s;h) _ ^ a{mi)h{m2) 



f^w+{k-l)/2 Y+k-lf^w+{k-\)/2- 

h>l h>l,m2>l ^ 



m £ "1^ — m 2 2 "I" 



and more generally of the series 
Zq{s,w)= 



a{mi)h{m2) 



{£2m2Y+^-\hQY+^^-'^)l^' 

■ - ; _ - 

This series has poles in s at the expected locations: s = 1/2 — r + it j, 
for r > 0, that is, the same locations as D{s; h), but its only additional 
polar line is at s + w + k/2 = 3/2. In Section [8] we show the following 
theorem, which is the underpinning of the applications. 

Theorem 1.4. Let 

SQ{x,y)= ^ A{mi)B{m2)Gi{mi/y)G2{m2/x), 

h,m2 > 1 

where Gi{x),G2{x) are smooth, with compact support in he interval 
[1,2]. Suppose ?/ > X > 1, £1,^2 ~ ^ < Q^^"^- Then 

SQ{x,y)<^Q'-'/'L'^^yiy/xy. 
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//, in addition, L ^ Q^^^ log(Q) and {iii2, Q) = 1 then 
SQix,y)<^Q-'/^L'+^y{y/xr. 

The coefficients A{m), B{m) are constant on average and the length 
of this sum is xy/Q. Thus this estimate is non trivial as long as 

Q'-'/'L'+^yiy/xY « xy/Q, 

i.e as long as 



y < 



This, in turn, is non-trivial when 
More generally, we investigate 

a(mi)6(m2) 



Zq(s,u;;z/)= ^ 



/i = f (mod Q) ^ ' 

The case of this series when z/ = and £i = £2 = 1 is particularly 
relevant to the second moment application described above. In fact, 
the special value Zq{\. — k/2, 1/2; 0) appears in the main term of the 
estimate for the second moment. It becomes a natural question then 
to estimate the average of Zq{s, w; 0) as Q varies, and for this purpose 
we introduce the triple Dirichlet series 

. _ Zq{s, w;0) ^ a{m + h)h{m)a^y{h) 

Q>1 ^ 

Here a is the usual divisor function. In this case we obtain a meromor- 
phic continuation to all {s,w,v) e C'^ with Dltv > 0. As it may be of 
interest we list some of the polar divisors here: 

• s = 1/2 ±itj — r for r > 0, 

• w + v/2 = 1/2 ± itj — r for r > 0, 

• w + v/2 = — r, for r > 0, 

• s + w + k/2 + v/2-2 = 

This can be translated into (for example) asymptotic formulas for dou- 
ble sums of coefficient products a(m + h)h{m)a_^{h) that display sub- 
stantial cancellation in the shift and length parameters. The full de- 
scription of the continuation is given in Proposition 111.41 

One interesting aspect of the one and two variable multiple Dirichlet 
series discussed is that each has two incarnations: a Dirichlet series 
that converges absolutely in one range, and a spectral expansion that 
converges absolutely in a disjoint region. As one might expect, all the 
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interesting information seems to be hidden in between. The spectral 
expansions have another curious aspect. The terms decay polynomi- 
ally in the spectral parameter tj, rather than exponentially, and the 
ratio of gamma factors governing this decay seems to act in a manner 
analogous to the usual m~'^ indexing of a Dirichlet series (polynomial 
decay corresponding to the size of cr.) 

The author would like to thank V. Blomer, D. Hansen, A. Kon- 
torovich, A. Reznikov and M. Young for many very helpful conversa- 
tions. 

2. Spectral expansions 

Fix No,ei,e2j,h e N, and set N = Aro-^i^2 and T = To{N). For 
z eM. and s e C, 9^e(s) > 1, consider the Poincare series: 



This is the usual Poincare series except that the sign in the exponent 

is negative rather than positive. For any fixed z the series converges 
absolutely for 9^e(s) > 1 and is invariant under action by F. It does, 
however, grow exponentially in y, which complicates efforts to deter- 
mine its spectral properties. For this reason, for any fixed Y ^ 1 and 
S > we define the modified series -P/i,y(2;, s; S) by 



Ph,Y{z,s;S) := Vy(3m7^)(am(7^))^e-'^''^^^^"+(''^'^^'^^")(^-^), 



where ipy is the characteristic function of the interval [Y~^, Y]. 

The series Ph,Y{z, s;S) consists of finitely many terms and is in 
L^(r\]H[). It also possesses a Fourier expansion, which can be easily 
worked out: 




(2.1) 



7eroo\r 



(2.2) 




(2.3) 



m 



where 



+ 



•s-^ S{m,—h]cN) ^_ 




(2.4) 




c^O I ' 

j-oo ^{2mhu+2nh{l-S))/{N'^c^y{v? + l)) 



X 



X 
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The Petersson inner product of two forms F, G in L^(r\E[) is defined 

by 

<^'^) = i// mm^, (2.5) 

V J Jr\m y 
where V = volume (r\HI) x A^. Set V to be the F- invariant function 



Vf^g{z-e,j2):=y'f{iiz)g{i2z), (2.6) 

which is rapidly decreasing in the cusps of F. 

Our approach will be to compute the inner product {Ph,Y{*, s; 6), V) 
in several different ways, and to then let F — ?■ oo. To begin, we compute 

Ti,,i„iMs-^h) := {Ph,Y{*,s;5),V) (2.7) 

'r\H 



yJJr\m y 
1 _ fi 

•^^.-^l™^-^! Jo 



mi>l m2>l 

°°g-27r2/(mi£i+m2£2-/i(l-<5))^s+A:-l^^/ 
Z/ 



V- a{mi)b{m2) 
^ , ^ Jm2£2)^+^-i 

miZi='m2l2+h 
X / Q-y{l+hS/{2e2m2))yS+k~l^^ 

Note that for Dies > 1, and all F > 1,5 > the integral and sum 
converge absolutely and satisfy the upper bound 

mi£i=m2i2+h 

where the implied constant is absolute. 

Let {uj}j>o be an orthonormal basis (with respect to the inner prod- 
uct defined in (12.51) ) for the discrete part of the spectrum of the Laplace 
operator on L^(F\EI). Suppose the Uj have eigenvalue 1/4 + t^, and 
Fourier expansion 



"i(^) = ^pjin)y^^'^KitA^^\^\y)(^ 



2-Kinx 
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As Phxi^, s; 6) G L^(r\H) we can obtain the spectral expansion of 

I: 

TiMxA^-^h) = '^{V,Uj) {Ph,Y{*,s;S),Uj) (2.8) 
i>i 

+ — 5^ / (V^, Ea{*, 1/2 + It)) {Phxi*, s; 5), Eai*, 1/2 + it)) dt. 
We easily compute 



(^.v(*..^)..,> ^ jl^y^u^n,iy)'j (2,9) 



and 

{Ph,Y{*.s-5),Ea{*M2 + it)) 



VT{l/2 -it)C{l -2it) 

rY27rh , 

X / y^-'/'ey^'-'^KM^. (2.10) 



Note that Mq is constant and {uq, Ph) = 0. We have taken the Eisenstein 
series notation from [2], that is: Ea{z,s) denotes the Eisenstein series 
expanded at the cusp a. Here for each cusp a = u/w, 



r(.) 

27r* /v 

+ Vr E l^r''^V(s, m)ir,_v2(27r|m|y)e2~, (2.11) 



and 



Pa[s,m) 



— ^ g-27rim5/(7«')_ (2.12) 



(7,A''/ui') = l <5mod7m 

S^ = u mod(w ,N / w) 



The part of m that is relatively prime to A^o factors out of Pa{s-, m) and 
is an ordinary divisor function. 

In fact, we find it convenient to write pa{s,m) a bit more explicitly 

as 

p,(.,0)=p„(.,0)^|^ 

and for m 7^ 

pa{s,ma)cri_2sim) 
Pa{s,m) = , 
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where is composed of powers of primes dividing N and (m, A^) = 1. 
In particular, in the case of SL{2,'Z), where there is only one cusp at 

a = CO, 

poo(s, 1) = 1. 

The Pa{s,ma) satisfies 

J2 |Pa(l/2 + It, ma)f <e ((1 + |t|)iV)^ (2.13) 
a 

This is translated from [2J Lemma 3.4. 

We will ultimately need to understand the behavior of the integral 
appearing in (12.91) and (I2.10p for fixed small 5 as F — )■ oo. With this 
in mind we define 



oo 



M{s,t,6)= I y^-^/'ey^^-'^Ku{y)^. (2.14) 

y 



Using the well known bounds 



e 



-y 



K,+u{y) « — (2.15) 
for y ^ I and 

K^+,t(l/)«y-l^l (2.16) 

for ?/ ^ 1, it is clear that the integral expression for M{s,t,6), given 
in (12.141) . converges absolutely for any 6 > when 9^es > 1/2. (It also 
converges absolutely for S = 0, when ^ < Dies < 1, a fact that will be 
made use of later.) The following proposition makes explicit the extent 
to which the integral on the right hand side of (12. 9p approximates 
M{s,t,5) when ^ts> 1/2. 

Proposition 2.1. Let M{s,t,5) be as defined in (I2.14p . Fix e > 

0, y > 1, A > 1, 1 > 5 > andseC with Dies > 1/2 + e . Then 



M{s,t,6)- /™ y'''^'ey('-'^KM^ 

7y-i27rh y 



5(l+|t|)^ 
(y-l/^)«c.-l/2 



(l + |t|)^ ' 

with the implied constant depending only on A and e. 

Proof. We first need to bound Kniy) uniformly in t, for y both large 
and small. For this we have 

Lemma 2.2. For A,\t\,y 1 
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For A, \t\ > 1 and < ?/ < 1 

Kit{y) <A ^ 



ii + \t\r' 

To prove Lemma 12.21 recall the definition 



2 Jo u 



The result follows after integrating by parts [A\ + 1 times and applying 
the bound fl2.15p when y is large, fl2.16p when y is small to Kr+it{y), 
withr = 0, 

Applying Lemma [2.21 we find that 

Y2nh 



y JY2.h {^ + \t\Y y 



{l + \t\YJy2J y 
= (i + |,|)AVe.-^^-i n^e. + A-l,y2vrH 

r[s,x] := /" 



where 

T\s,x] := / e-V' 

y 

as X -> oo. Thus 

Similarly, applying the second part of the lemma, 

k " V (1 + 1*1)" ■ 

completing the proof of Proposition 12. 1[ 

□ 



3. The analytic continuation of M{s,t,5) 

In this section we will provide a meromorphic continuation of M(s, t, 5) 
to s G C with y{zs < 1/2. The following proposition locates the 
poles of M{s, t, 6) and gives three different estimates at points s where 
M(s, t, 6) is analytic. 

Proposition 3.1. Fix e > 0, 5 > and A ^ 1. The function M{s,t, S) 
has a meromorphic continuation to all s in the half plane 9^es > 1/2 — 
A. In this region M{s,t,6) is analytic except for simple poles at the 



MULTIPLE DIRICHLET SERIES AND SHIFTED CONVOLUTIONS 15 

points s = 1/2 ± it — £ for < i < A. The residues at s = 1/2 + it — I 
are given by 

{-lY^2'^^'V{l/2Tit + m±2it~(,) 
ReSs=i/2±it-^M(s,t,d)) = 



(.\T{l/2 + it)T{l/2-it) 

+ + (3.1) 

where the implied constants are independent oft. 

For s at least a distance t away from these points, M(s, t, 6) satisfies 
the upper hound. 

M{s,t,6) < (1+ |t|)'^^^-2-2A(^^ |^|)A-!Hc.^-Ag-fPm.|_ ^3^2) 

Also, for 9^es < 1/2, at least a distance e away from these points, 
and6{l + \t\f < 1 

0F2V^-T(5 - 1/2 - ^t)Tis - 1/2 + zt)r(l - s) 

^^'^'^^^ = r(i/2-.t)r(i/2 + .t) 

+ 0((l + |t|)2^^^-2+2^(l + |s|)i/2-^^^e-5l^-«l5^) (3.3) 
while for 5{1 + \t\y > 1 

M{s, t, 5) < (1 + |t|)'^^^-'(l + |s|)^+5Hcs-ig-f |ams|_ ^3_4^ 

Proof. From |14] formula 6.621 7^ 3 we obtain, for D\ts > 1/2, 

M{s,t,6)= r y^-y^ey^^-'^^K^tiy)- (3.5) 

Jo y 

J^T^T(s - 1/2 + it)T(s- 1/2 -it) , , 

= ^ sLmJris) — ^ ' + + ^ ~ 

where F{a, /3;'j;x) is the usual hypergeometric function. By [14j for- 
mula 9.113, this can be written as a contour integral 

1 f T{s - 1/2 + u + it)T{l/2 + u + it)T{-u) (I -lydu 



27rz Jc r(s + u) 

where C goes from —ioo to ioo and curves so that the poles of r(— -u) 
lie to the right of C and the poles of r(s — 1/2 + M + it), T{l/2+u+it) lie 
to the left. For s > 1/2, C can be simply the vertical line Dlcu = a, 
where a is chosen so that 1/2 — 9^e s < a < 0. 

Remark 3.2. It is clear from (jSJ]) that F{s-l/2+it, 1/2+it; s; 1-2/5) 
does not have a pole at s = 1, and so, by (13. 5p . neither does M{s, t, 6). 
This is in spite of the appearance of r(l — s) in (13. 3p . as that expression 
does not converge as 5 — ?■ for 9^e s > 1/2. 
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Figure 1. The contour 



The expression fl3.6p is vahd for any fixed s G C and thus when 
combined with (13 .Sp provides a continuation of M{s,t,6). For general 
s the curve C can be described as follows. Write s = 1/2 — i?, with 
R>0. Choose b such that > 6 > max(i? - [R] - 1, -1/2). Then for 
3mu<0,C is the line Dltu = b. The poles of r(l/2 + u + it) all lie to 
the left of fKe u = b. The poles of r{—u) all lie to the right of D\c u = b 
and the poles of r(s — 1/2 + u + it) to the right of 9icu = b are at 
$HeM = 1/2 - s - £ = i? - £ for < £ < [i?]. The curve C moves in 
a clockwise semicircle above the real line, past and down to the real 
axis, then counter clockwise in a semicircle around R—[R], then above 
1 and so on until it does a final counterclockwise turn around R and 
continues to ioo along the line dlcu = c, where R < c < [R] + 1. (See 
Figure [H) 

Fix s, with ^Rts = 1/2 — R > 1/2 — A, and move C to the right 
to the vertical line dlcu = A. In the process, poles are passed over at 
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u = £, for < i < A. The residue after passing the pole aX u = i is 
given by 

v^2**r(s-l/2-it) 



Ss~i/2+itY(^l/2 + tt) 



-Ris,tJ), (3.7) 



where 



r(. - 1/2 + ^t + ini/2 + ^t + i){|- l)' (-1)^+^ 



Thus 



ex v^2**r(s- 1/2-it) , 



where 

iVi(s,t,5) = - ^ (3.9) 

1 /•^+^°° r(s - i/2 + M + it)r(i/2 + M + 2t)r(-M) (| - i)"c/m 



+ 



27ri J^.ioo r(s + M) 



The integral in (13. 9p contributes no poles in s, as D^e s — 1/2 + u > 
1/2 - A - 1/2 + A = 0. Inspecting lines ([32D to ([33]) it is then clear 
that the only possible locations of poles of M(s, t, 6) for Die s > 1/2 — A 
are at s = 1/2 ± it — m, for < m < A. 

Assume now that R > and move C further to the right, to the 
vertical line Dlt u = A + R. In the process, additional poles are passed 
over at u = i, for A < i < A + R. Changing variables, m — )■ m — (s — 
1/2 + it), and substituting back into (13. Sp . we now have, after moving 
the contour and subtracting the residue contribution, 

v^2^*r(s- 1/2-it) , 

where 

N2{s,t,6) = - R{s,t,t) (3.10) 

0<t<A+R 

^ 1 fA+iooY(yiY{l-s + u)T{s-l/2 + it-u){^^~lY~'^^'^~'' du 



2mJ^_,^ T{l/2-tt + u) 

Recall that by Stirling's formula, for fixed x, a, as y oo, 

\T{x + zy)\ « ly^-VVtl^l and ^i^ + ^ + 'V) ^ \a: + ty\-. (3.11) 

r(a; + ly) 
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Writing s = a + ir and u = A + iv the following upper bounds are 
easily confirmed, using f l3.1ip : 



|(|r+t| + |t|-|r|) 



(1 + 


\r + t\y+'-\i + \ 


\t\Y 


(1 + 





(1 + 


1^1)^-1/2(1 + 


1^-^1)^+1/2-^(1 + 


\t - V + r\y-'^-^ 




\t 


- 1) )^e5(l''l+l''"''l+l''" 


-v+t\-\t-v\) 



R{s,t,e) <5-V2 



5.-i/2+.T(l/2 + zt) «Ml + |r t|j e ^ , (d.lij 

and 

rHr(i - . + ^)r(. - 1/2 + - ^) (f - 1)— +^/^-* 

r(i/2-it + M) ^ ■ ^ 

fi + i^n^-i/2fi 

Combining the first two, one has 

^ ^ ^, A2-*r(.-i/2-^t) 

^(^'^'^) ^^-i/2+.T(l/2 + .t) ^^-'^^ 

< (1 + |t| + |^|)2<x+2A-2^-Ag-f max(|t|,|r|)_ 

Thus this term decays exponentially in \t\ and is on the order of S~'^. 
Combining the second and the third, one sees that there is exponential 
decay in the v variable, polynomial decay in |t| with exponent 2a — 2 — 
2A, and the term is on the order of 6~^. 

By a case analysis of the possible respective sizes and signs of v, r 
and t, we find that the exponent |u| + |f — r| + |r — + t| — |t — v\ 
in fl3.13p . when added to the exponent |r — 1| — \t\ of fl3.12p is always 
> |f I — |r| when \v\ > \r\ and > \r\ when < |f | < \r\. The worst 
growth, i.e the smallest exponent, is when |f | ^ \r\. The upper bound 
(13.20 follows after using this analysis to bound the integral in fl3.10p 
from above, and combining this with (13.120 . fl3.13p and (13.140 . 

To prove (13. 3p . (13.40 we return to the original contour integral in 
line diS]). Recall that for fHcs < 1/2 we write ^zs = 1/2 - R, with 
R> 0. Instead of deforming the contour by moving it to the right, we 
instead straighten the contour until it becomes the line CHcu = b. In 
the process, poles are passed over at the points u = 1/2 — s — £ — it, 
for < £ < [-R]. (If ^Hc s > 1/2 no poles are passed over.) The residue 
of the integrand at-u = l/2 — s — £ — itis 



;-i)^r(i - s - f)r(-i/2 + s + it + i){2/6 - i)V^- 
e\T{i/2-it-e) 



■s-it-l 
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Thus 

M{s,t,6) = C + D, (3.15) 

where 

j^^i\T{l/2 + it)T{l/2-tt-e) ^ ■ ' 

X r(l - s - £)r(-l/2 + s + it + i){2- 5f'^-'-'\2/5 - ly^ 

and 



^ 0F2-^r(. - 1/2 - .t) 

5--i/2+^tr(i/2 + it) ^ ' 

1 /'^+^°° r(s - 1/2 + it + M)r(i/2 + it + M)r(-M) (| - 1)" c/m 



It is now a simple matter to compute 

Res..v._^,.M(.,a) = ^^r(l/2 + it) (^-^^^ 

' ^ r(l/2 + m - - £)r(-m + 2zt + £)(2 - d)""-^'' (| - l)"^ (-1)^ 
^ ^!r(l/2-it-£) 



X 



^ 1 V{-m + 2it + u)V {1/2 + it + u)V{-u)5"'-'^'' {^^- if du 



2m Jiy_ioo r(l/2 — m + it + u) 

and 

0F2^*(-1)™(2 - 5)™r(-m - 2zt) 



r(l/2 + it) 

hi! 

i\{m- iy.T {1/2 -it - 



X V r(l/2 + m + .t-£) (1-1)- 

0<^<m 



A careful application of Stirling's formula, (13. lip , shows that the 
main contribution to the residue is given by the i = term and that 

/i^^ . x^ v^2'"T**(-l)™r(l/2 + mT2t)r(-m±2zt) 
Res.^y,.^^uM{s,t,6) = ^,r(l/2 + zt)r(l/2-.t) 

+ C((l + |t|)'"-'-^/2g-f 1*1^-6^ ^320) 
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Another application of Stirling's formula to f l3.15p . f l3.16p . fl3.17p 
yields 

v/?2V^-T(s - 1/2 + tt)Tis - 1/2 - ^t)Til - s) 

^^^'"'^^ = r(i/2 + zt)r(i/2-^t) 

+ o(^{l + |t|)'"-'(l + |s|)i/2--e-|l3-^l ^_max ^ (^(1 + 

+ O ((1 + |t|)-l-2b(l + |5|)l/2-ag-f |ams|^l/2-a-6^) ^ ^3_2i) 

where the main term comes from the i = part of C. 

Consider now the two cases: 5(1 + < 1 and 5(1 + > 1. 
Choose any 1 > e > 0. In the first case 

max (S\l + \t\f') = (5(1 + \t\f < 5^(1 + \t\f\ 
The first error term of fl3.21l) is then 

and the second is 

< (1 + + |5|)--3/2g-f |ams|^l/2-.+.-. 

which is 

Thus both pieces of the error term are 

O ((1 + |t|)2'^-'+2^(l + |s|)^/'-'^e-il^'"^l5^) , 
giving us (13.3p . 

In the second case, 5(1 + > 1, we return to the first estimate, 
( K^ . Substituting 5"^ < (1 + we obtain 

M{s,t,6) < (1 + |t|)'"~'(l + IsD^+'^-V^I^'^^l, 
giving us (13 ■4p . completing the proof of Proposition 13.11 □ 

4. The limit as F -> oo 

We are now in a position to analyze the uniformity of convergence of 
the spectral decomposition of Ii-^^i^^iy^s{s; h) given in fl2.8p . We assume 
at first that ^Hc s > 1/2. Recall that by (12. 8p we may write 
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where 



Y2-nh 



and 



X 



JY-^2TTh y 



Of key importance is the average size of pj{—h) and of {V,Uj). 
This is addressed by the following proposition, a generalization due 
to Reznikov of [IJ: 

Proposition 4.1. With the notation as given above 
\tjhT 

Remark 4.2. At this moment A. Reznikov believes that he can prove 
the content of Proposition I4.H which is essentially a generalization of 
PP from the compact case to the non-compact case, but the details 
have not been completely written down. As an alternative approach, 
the needed average of (14 .2^ should be obtainable by a relatively simple 
modification of the approach of [20j. V. Blomer was kind enough to 
make this suggestion. This will be supplied in place of Proposition 14.11 
if required. 

By Weyl's law, in each unit interval at height T there are on the order 
of ii£2T eigenvalues. Thus the proposition is saying that on average, 
for each j with \tj\ ~ T, 



The following explicit analysis by Hansen, of some formulas of 
Ichino, [18], sheds light on the nature of the triple product {V,Uj), and 
in particular on the dependence on ii,i2- 



Proposition 4.3. (Hansen) Let /i, /2 be a pair of cusp forms of even 
weight k > and level Nq, normalized so their first Fourier coefficient 



22 



JEFF HOFFSTEIN 



equals one. Let £1,^2 be a pair of odd primes, and let ip be a Hecke- 
Maass cuspidal new form of level A^o^i^2- Then 



^ ^ f,ii,z)f,i£,z)y''.^iz)'^'''^y" 



If .adxdy 
«i«2 Jro(Afo^i^2)\fi y 

where the global L-functions appearing are completed with their gamma 
factors. 

Setting fi = f, f2 = 9 and ip = Uj, Proposition 14.31 gives us 

I {V,Uj) |2 < {£,£2y''-\l+\tj\Y^-''e-^\'^\L{l, Aduj)-^L{l/2, f^gmj). 

(4.1) 

Here we have used Stirling's formula for the gamma factors. 
Thus Proposition 14.11 is essentially stating that 



(4.2) 



L{l/2,f0g0Uj) 
L{l,Aduj) 

is close to constant on average. By [LSj we have the bounds 

(Nil + m- » id. Ad«,) » (4.3) 

and also, equivalently, that 

e-l*.l(iV(l + \tj\))-' < |p,(l)|2 < e-l*^l log((^i£2(l + |t,|)). (4.4) 

As we expect i^(l/2, / ® (? (g) uj) to obey the Lindelof Hypothesis this 
evaluation is consistent with the average result given in Proposition |4]T1 
Combining f l4.4p with the upper bound Xj{h) ^ for the /i*^ Hecke 
eigenvalue of Uj, gives 

\pA-h)\' = |p,(l)A,(/i)r « e^\'^\h''\og{{iM^ + |t,|)) 
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and with Proposition 14.11 Cauchy-Schwarz, and Weyl's law this gives 
us 

\tjhT 

< {^l^2f'^-'''^T^+^h\\og{^l^2T)Y'^. (4.5) 

The presence of can be avoided for certain choices of the parame- 
ters. An apphcation of the Kuznetsov trace formula (see, for example, 
[19] . Theorem 16.8, line (16.56)) shows that 

(4.6) 

Thus, for £i,£2 prime, £1,^2 > h^'^\og{h), with {hjii2) = 1, 

implying that in this context Xj{h) is constant on average for varying 
j. Summarizing the above discussion, we have proved 

Proposition 4.4. 

E pA-h){V,u,) {he2Y^'-'/'T'+'h%iog{hi2T)y/', 

where, ifii,i2 prime, £1,^2 ^ h^^^\og{h) , with {h,iii2) = 1, we can 
set 9 = 0. 

Turning to the continuous part, a simple computation shows that 

I {V,EAz,l/2 + zt)) p « (£l£2)-'-'(l + |^|)''-V-l*li^(l/2 + ^^,/®^)^ 

(4.7) 

which agrees with the average cuspidal bound (up to the central value 

L(l/2,/®(7®M,)- 

When combined with (12.1 3p and Stirling's formula, (14. 7p implies 



E 



p,(l/2 + tt, -ha)a2it{h) {V, Eaiz, 1/2 + tt)) 



r(l/2-it)C(l -2it) 
< (£i£2)"'/'"'+'(l + |t|)'-'+^L(l/2 + it,f®g). (4.8) 
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Recalling (ESD, (ESD and (12:T0D we define X^,,£2,^,5(s; /i) by 

X,,,„,,5(5; /^) = /i) + X,X^,(.; h), (4.9) 

where 



and 

^n^J-oo Vr(l/2-2t)C(l-2zt) 

X M(s,t,5)(V,Ea(*,l/2 + it))rft (4.11) 

By Weyl's law 

J2 1 < ^i^2Tl (4.12) 

|t,|<T 

By the first upper bound of Proposition 13. 11 (13. 2p . for any fixed s and 
6, s at least a distance e from the poles, M(s, t, 5) decays faster than 
any power of \t\ as \t\ — )■ oo. This, together with (14. 5p . (I4.12p . and 
the convexity bound for the L-series shows that the right hand side 
of (I4.10p converges absolutely. Similarly, by (14. 8 p the integral over 
t in (14. lip converges absolutely. The same argument, together with 
Proposition 12. H shows that choosing A sufficiently large will ensure 
that the expression for X^^^^j y 5(s; h) in (12. 8p converges absolutely and 
uniformly for any fixed Y, as long as 9\ts > 1/2, and that the differ- 
ence, \Xei,e2/,s{s; h) —Ie-i^^i^/^Y,s{s; h)\, converges absolutely, allowing the 
interchange of the limit as y — ?■ oo with the summation. As the limit 
of each term in the summation is as F — )■ oo this shows that for fixed 
6 > and s with IHe s > 1/2, Xg-^^e^^e^s{s; h) is an analytic function of s 
and 

^eui2Asis;h) = lim X^^ ^ ^ y5(s; /i). 

Recall that in (112. ip we had an expression for Xe^^e2/,Y,si^i ^) ^ 
Dirichlet series. For JHe s > 1 it is clear that the sum converges and 
that a limit exists as F — t- oo, namely the analytic function 
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limX,,,,„,,y,,(.;/i) = -(47r)-(^+'=-i) Yl 



a(mi)6(m2) 
Jo 1/ ' 

where 

""^''^'^^^ ^ (^2^2^^- I' + ^J ^'-''^ 

converges absolutely for £He s > 1. 

We have now established that the function X^^ ^j^^ ,5(5; /i) defined by 
f l4.9p is an infinite sum that converges absolutely when IHc s > 1 /2 and 
is related to D{s\ h, 5) by 

^' = r(,^fc_i) ^^i/./,^(^; (4-14) 

when 9ie s > 1. 

The meromorphic continuation of D{s]h,6) is related to that of 
Zi,/2/,5{s; h) via flTOj) . Using fH:9|) .f HlO|) . fimj) we have the following 
spectral expansion: 



VT{l/2-zt)ai-2tt) ^ • ' 



X M(s,t,5)(V;E„(*,l/2 + it))dtj . 

By (O, dM]), dMl), dM}, for any sufficiently large fixed A > 1, 
the series expressions for X/"|^^ ^(s; /i), X/°^*^ ^(s; /i), D{s;h,6) given 
in ( gmi .l HriTll . (14T51) converge absolutely ifor s with !Hes > 1/2 - A, 
but the upper bound can have a factor of in it. As we intend to 
let (5 — )■ it is useful to identify an interval for SHe s in which there is 
absolute convergence with an upper bound that is independent of 6. 

First, combining (13. 3p and (13. 4p we have, for Dies = cr < 1/2, re- 
gardless of the relation between 6 and (1 + 

M{s,tj,6) < (1 + |t|)'"-2+2e^^ ^ |^|^A-l/2g-f|ams|_ ^^ -^q^ 
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Combining this with Proposition 14.41 we have, for any T ^ 1, 



J2 Pj{-h)M{s,t„S){V,Uj) 



+2e+fc-l 



X 



A-1/2N 



(4.17) 



Similarly, applying fl4.8p in place of the proposition, and simply using 
the convexity bound (notice £±,£2 do not appear in the conductor of 
L(l/2, / ® (?)), we obtain 



^ vr(i/2-.t)c(i-2.t) 



X (\/,E,(*,l/2 + zt)) 
< (44)"'"''/'+'(l + |t|)2--2+^'+^e-f Pmsi^^ ^ (4.18) 

Breaking up the interval from 1 to T diadically and letting T — )■ 00 
it is clear from fl4.17p that the cuspidal part of the spectral expansion 
of -D(s; h, 5) converges absolutely when 1/2 — A < 9^es < 1/2 — A;/2 — e. 
Referring to (14.18^ . we see that the continuous part also converges in 
this region and satisfies a better upper bound. Thus fl4.17p . together 
with f l4.18p . fl4.15p and Stirling's formula provide the upper bound for 
D{s] h, 6) of Proposition 14.51 stated below in (14.190 . 

The details of the above discussion are summarized, and some addi- 
tional information is added, in the following 

Proposition 4.5. The functions Xi^^i^^i^s{s'-,h) and D{s;h,S), defined 
in (14. 9p . (I4.13P and (I4.14p . have meromorphic continuations to the half 
plane SHe s > 1/2 — A, with simple poles at s = 1/2 ±itj — r, for each 
tj and each < r < A. Letting 



we have 



R{so] h, 6) = ReSs=so D{s] h, 6) 
R{l/2 + itj - r; h, S) 



{-lY2'^''7T^h''-'^^Pj{-h){V,Uj)T{l/2 - itj + r)T{2itj - r) 
r\T{l/2 + itj)T{l/2 - itj)T{k - 1/2 + itj - r) 

+ 0(^{l+\t,\Yh^p,{-h){V,u,)6'/'). 

In the region 1/2 — A + e < s = a < 1/2 — k/2, for s a distance 
of at least e from the poles the spectral expansion for D{s; h,6) given 
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in f l4.15p converges absolutely and satisfies the upper bound 

(4.19) 

For 2 > a > 1/2 — A and s at least e from the poles 

D{s; h, 5) < (1 + |s|)^-'^+^/2r^(£i£2)'/'~''/' log(£i£2)/^'+'/'"" (4.20) 

In the preceding two inequalities the exponent 9 can be set equal to zero 
%fhA2 > h^'^ and {iii2,h) = 1. 

For a > 1 + e, D{s; h, 6) satisfies the bound 

/ N(fc-l)/2 

D{s; h, 6) < ^ ^ . (4.21) 

^ ' ' ^ ^^^^^)(fc-l)/2^1+. ^ ^ 

Proof. Proposition 13.11 (13. 2p . states that for sufficiently large A, and 
fixed S > and s satisfying Dlt s > 1/2 — A, with s at least a distance 
e from the poles, the meromorphic continuation of M{s, t, 6) decays 
faster than any power of \t\. Thus for any fixed 6 > and such an 
s with yics > 1/2 — A, the series expression for Xe^^e^^e,s{s; h) given 
in (14. 9 p converges absolutely, giving a meromorphic continuation of 
^h/2As{^'^ back to 9^c s > 1/2 — A, with possible simple poles at the 
points s = l/2±itj—r, for each tj and each < r < A. The correspond- 
ing meromorphic continuation of D{s;h,6) follows from f l4.14p . The 
residues at these points of X^^^^j £^5(5; h), and consequently of D{s; h, 6), 
follow from the corresponding residue evaluations of M{s, t, 6) given in 
Proposition 13.11 

The piece corresponding to the continuous part of the spectrum, 
X/°°*^^(s; h), defined in (14. lip , does not contribute any poles, for the 
following reason. Any pole in s must arise from the term M{s,t,6), 
and in fact must arise from the main term of (13.30 in Proposition 13.11 
We thus take the spectral part of D{s; h, 6), namely 

^>r- r Pail/2 + it,'^2n^-^-''2^/^-'h^l^-^-''a2a{h) 
^-^^Loo VT{l/2-tt)C{l-2tt) 

X M(s, t, 5){V, Ea{*, 1/2 + it))dt. 

and note that any polar contribution from this must come from the 
piece of the integrand 

r(g - 1/2 + it)T{s - l/2-it){V,Ea{*,l/2 + it)) 
C(l - 2zt)r(l/2 - zt)r(l/2 + it)T{l/2 - it) 
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This is more easily analyzed when the Eisenstein series is multiplied 
by the normalizing factor + 2it). The potential polar contribution 
is then 

r(s - 1/2 + it)T{s - 1/2 - it){V,E*{*,l/2 + it)) 
C*(l + 2it)C*(l - 2it)r(l/2 + it)T{l/2 - it) ' 

For this to have a pole in s it must be the case that fHes = 1/2 — r, 
for some r > 0. To understand the behavior on this line, write s = 
1/2 — r + e + i7, for some e > 0, set m = it, and move the line of 
integration from Dlcu = to fHew = — 2e. In this process a pole is 
passed over at m = — e — Z7, and possibly at points where (*{l + 2u) = 0. 
The moved integral now has no poles in s on the line D\z s = 1/2 — r 
and the residue at m = —e — 27 is an analytic multiple of 

T{-r + 2e + 2t-f){V,Ea{*,l/2-e-i-f)) 
^ C(l + 2e + 2z7)r(l/2 + e + z7)2r(l/2 - e - ' 

For a pole to exist when e — )■ 0, it must be the case that 7 = 0, and 
the potential pole of r(— r + 2e) in the numerator is cancelled by the 
C(l + 2e)C(l — 2e) in the denominator. Any extra residues coming from 
poles at + 2u) = will be subtracted as e — )■ 0. 

In addition to locating the possible poles, fl3.2p in Proposition 13.11 
allows us to establish an upper bound for Xej^^e2,£,5{s] h) when s is in 
the region Dies > 1/2 — A and s is at least a distance of e from the 
poles. In particular, combining this information with (14. 5 P and (14. 9p . 
we obtain for such s: 

< (1 + |s|)^+^^^-lrVtl^'^^l(£l£2)"'/'"'/'log(£l£2)/i'+'/'"^ (4.22) 

with the implied constant depending only on A. Combining (I4.14p . 
(I4.22P and Stirling's formula, gives us (I4.20p of the Proposition. 

If 1/2 — A < a < 1/2 — k/2 then by the argument preceding the 
proposition we obtain (14.190 . It is a key point here that this estimate 
is independent of 6. 

For a > 1 + e, a.s f, g are modular forms and satisfy the Ramanujan 
Conjecture, it is easily verified that the bound (14.211) in the proposition 
holds. □ 

5. The limit as 5 
The object of the section is to prove the following 
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Proposition 5.1. For D\zs > 1, let 

D(s;h) = lunD{s;h,S)= V ^P^^^- (5-1) 

mi^i=m2^2+/i 

The function D{s; h) converges for s > 1 and has an analytic contin- 
uationto alls withlKzs > 1/2— A, except for the points s — l/2±itj—r, 
with < r < A, r & At these points there are simple poles and 



R{l/2 + itj -r-h) = ReSs=i/2+it,-r D{s; h) = Crjh'-''^ Xj{h), (5.2) 
where 



_ (-l)^2^^7rV,(-l)(y, Uj)r{l/2 - itj + r)r(2% - r) 

'''^ r\r(i/2 + itj)r(i/2-itj)r(k- 1/2 + itj -r) ■ ^ ■ ^ 

For T ^ l,the Crj satisfy the average upper bounds 

ICrjl' « l0g(£i£2T)(£i£2)-'T2^+'-'= (5.4) 

\tjhT 

For s at least e away from the polar points, and in the vertical strip 

1/2 — A < a < 1/2 k/2, D{s; h) can he expressed by the following 

absolutely convergent sum and integral: 

22^-i7r*^/iV2-^r(l - s) 

r(. + .-i) 

X l2^A,(/ijp,( ij r(l/2 + it,)T{l/2-zt.) 



47r ^ VC(1 - 2it)T{l/2 - it)^T{l/2 + it) 

xr(s - 1/2 + it)r{s - 1/2 - it){V,Ea{*,l/'^ + it))dt^ . 

In this region D{s; h) satisfies the upper bound 

D{s;h) « (l + |s|)^-V2(log(^i£2))'/'(^i4)'/'-'/'/i'/'-'^+^ 

(5.5) 

For s at least e away from the polar points, and in the vertical strip 
c < a <2, for any c with l/2 — A + e<c<l/2 — k/2, D{s; h) is given 
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by 

1 r^+'^ D(u;h)e^^-'^'du 

1 h)e^''-'^'du 



2m I u — s 

R{l/2 + itj - r; /i)e(i/2+ii,-r--s)2 



1/2 + it,- -r-s 

ij,0<r<l/2-c ' 

and, if ii,i2 ~ satisfies the upper bound 

D{s-h) « (l + |s|)-^-'=+=^/2^1og(L))i/2^i-fc^i/2-c+e_ 

(5.7) 

Here in the integral with 9icu = 2, D{u\h) is given by (15. ip . and m 
the integral with D^ew = c, D{u] h) is given by fl5.6p . /n t/ie preceding 
two upper bounds the exponent 9 can be set equal to zero ifii, £2 ^ ^^^^ 
and {iii2,h) = 1. 

Proof. Using the information in Proposition 14. 5[ the Cauchy residue 
theorem allows us to express each D{s]h,6), with 1/2 — A + e < Dies < 
2, as follows. Set Ts = 6~^. Then 

V- /g(l/2 + zt,-r;/i,,5)e(V^+-*^— 
U[s,ti,0) + 2^ i/2 + it.-r-s 

\tj\<Ts,0<r<A ' J 



where 



h 
h 
h 



and 



/1-/2 


-h + h, 








r^+'^' D{u; 




'^'du 


~ 27ri . 


'2-iTs 


u — s 










'^'du 


~ 27ri . 


1 c+iTs 


u — s 






r+*^* D{u- 




'^'du 


~ 2tH ^ 


1 c-iTs 


u — s 










'^'du 


~ 2^i ^ 


Ic-iTg 


u — s 





{5.t 



By (11:20]) 

/2 « (1 + |s|)'^-'=+i/2r^(£i£2)^'"')/'log(£i4)/i'+'/'''^e-^*'. 

As Ts = S^^ the exponential decay of the e~^^^ overcomes the polyno- 
mial growth of the 6^, and /2 — )■ as 5 — )■ 0. Similarly hm5_j.o I4 = 
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By fl4.13p . we see that as £He(s + m) > 1 the hmit as 5 —i- of the 
integrand of Ii exists. By the absolute convergence of D{a + it; h) for 

2 

a > 1 and the exponential decay of e" the limit as 5 — )■ of Ji exists. 

Turning to I3 and referring to (13. 3p we see that for any fixed t, and 
Dies < 1/2, lims^oM{s,t,6) exists and 

M{s,t) = limM(s,t,5) 

(5— >0 

_ v/^2V^-T(s - 1/2 - zt)r(3 - 1/2 + - s) 

r(i/2-it)r(i/2 + it) ' ^ ' ' 

Referring to Proposition 14.51 line fl4.19p , it is clear that in the given 
range the spectral expansion for D{s; h) given in the proposition con- 
verges absolutely, and that the limit as 5 — )■ of D{s; h, 6) exists, equals 
D{s; h), and satisfies the upper bound (15. 5p . The at most polynomial 
growth of D{s;h) in the imaginary part of s shown in (15.50 . together 
with the exponential decay of shows that for 1/2 — A + e < 9ie s < 
1/8 — k/2, the limit as 5 — ?• of /a exists and equals the integral of 
the limit. The Dirichlet series expansion of D{u]h,6) in integral Ji 
converges absolutely as SHew > 1, and thus similarly the limit can be 
interchanged with the integral and sum. 

By the description in Proposition 14.51 each residue term -R(l/2 + 
itj — r;h,S) grows at most polynomially in \tj\ for any fixed s with 
1/2 — A + e < yits < 2. As e(^/^+**J"''~'')^ decays exponentially in 
\tj\, the sum over the residues converges absolutely and approaches the 
limits given above in (15. 2p and (15.61) . We have thus established that 
for any s in the range 1/2 — A + e < 9^es < 2, the limit as 5 — 
of D{s; h, 6) exists, and equals the analytic function D{s; h) defined in 
(15:61). 

The average upper bounds for the obtained by an application 

of Stirling's formula, and Propositions 14.11 and 14.41 It follows then that 



R{l/2 + itj - r- /i)e(V2+it,-r-.)2 
1/2 + itj - r - s 



E 

tjfi<r<l/2- 

By (15. 5p . the integral along £He s = c is 
and by (I4.2ip , the integral along fHe s = 2 is 

/ N (fc-l)/2 

(1 + f ) 
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Noting that 1/2 — c > (A; — l)/2, it follows from the previous three lines 
that for any s with c < ^Hcs < 2, D{s]h) satisfies the upper bound 
(1571). □ 

6. Estimating shifted convolution sums 
For X > and ii, £2 ~ L, let 

Six; h) = ^^4- / D{s; h)g{s){i,xyds, (6.1) 

where 



1 



2+ioo 



G'(x) = / g{s)x'^ds 

27r« J2-ioc 

is smooth and has compact support in the interval [1,2]. 

As Dies > 1, the Dirichlet series and integral converge absolutely, so 

^("'.)5w(i + ^ g(^ . 



mi^i=£2"^2+'i 

where, as mentioned before, 

a{mi) = A{mi)mf^~^^^'^ , b{mi) = B{m2)m'^~^^^'^ . 

Note that the sum is over 1712 ~ x such that £2'^2 = —h (mod £1) and 
thus the length of this sum should be 0{x/ii). The nature of the sum 
also changes with h. For h <^ i2X each term is 0{1), while for h ^ i2X 
each term is 0{{h/{£2x)Y''-^^/^). 

By (15.71) the integral in (16. ip continues to converge absolutely if we 
move the line of integration to the left, as g{s) decays in a vertical line 
faster than any fixed power of s. We thus move the line of integration 
to Dies = 1/2 — fc/2 — e, picking up residues at the poles of D{s] h) and 
obtaining 

S{x] h) 

= /+(£i£2)^'"'^/' Cr,jh'~''^\;ih)gil/2 + it,-r){i2xY/^^''^-' 

tjfl<r<k/2 

(6.3) 

where 

I = / D{s-h)g{s){l2xyds. (6.4) 



2711 



l/2-fc/2-e-joo 
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By Proposition 15.11 the integral converges absolutely and 

I « log(L)/l^+l/2(^/^^)/c/2-l/2+._ (g_5) 

Thus 

S{x] h) 

tj,0<r<l+k/2 

where the c^j are described above in Proposition 15. 1[ 

If ^ ^2X then the terms in the summation part of (16.31) decrease 
in size as r increases and dominate the error term. Thus for h <^ 
the dominant term corresponds to the residue term at r = 0. By ( 15. 4p 
it follows that for h <^ Lx 

5(x;/i)«(log(L))^/W/2+^ 

For h ^ ^2X the main terms in (16. 3p increase in size as r increases 
and the error term dominates. Thus 

S{x- h) < {\og{L)f/^h'+^'\hlLxf/^-^/^+\ (6.6) 

The 9 here denotes the best known progress toward the non-archimedian 
Ramanujan-Petersson conjecture. Recall that it can be set to zero if 
£1,^2 >/i'/'. 

One can then ask when the upper bound in (16. 6 p is non-trivial. Set- 
ting £1 = £2 = 1; the length of the sum is 0{x) and each term in 
the sum is of order (/i/a;)'-'^"^^/^. This means that the trivial upper 
bound for the left hand side of (16.60 is x{h/ x)'^^^^''^'^ . The result is thus 
non-trivial when 

x{h/xt'^^'^ > h^'^+\h/xf'^-^l^+\ 

i.e when h < a;^/(i+2e)_ 

This corresponds to the result of Corollary 1.4 in [2], confirming a 
curious "wall" blocking progress past h > x^. The ability to improve 
the result past this wall seems to be tied to the finding of a subconvexity 
upper bound for D{s; h) in the region —l/2 — k/2 < s < 0. However, 
the wall goes away when an average is taken over h as will be seen 
shortly. 
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7. A DOUBLE DiRICHLET SERIES 

Recall that 

Dis;h)= T (7-1) 

miti=m2t2+n 

is absolutely convergent when 9its > 1. 

Fix a positive integer Q and an integer i/, with < u < Q — 1. For 
s, w with real parts greater than 1 the sum 

h'>l,h=v (mod Q) 

is absolutely convergent. In future work we will study this series with 
general z/, but for the moment we will restrict ourselves to the case 
V — that is, to 

Z,(s, 0) = (7-3) 
and will rewrite Zq{s, 0) in the more convenient form 



A{mi)B{m2) (l + 



/»o>i 



The object of this section is to obtain the meromorphic continuation 
of to C^. The first step in this direction is 

Proposition 7.1. Choose c, with 1/2 - A < c < 1/2 - k/2. The 

function Zq(s,w) continues to the region Dies > c, ^Rcw > 1. In this 
region it is analytic, with the exception of simple poles at the points 
s = 1/2 — r ± itj, for < r < 1/2 — c and a possible simple pole at 
s' — s + w + k/2 — 1 = 1/2 in the case f = g. At the points 1/2 — r + itj 

ReSs=l/2-r+itj Zq{s,w) 

= {ii£2Y''-'^^^Cr,jLQ{w +{k- l)/2 - r + itj,u]; 0). 
Forces' > 1/2 and Uitw > 1 

Zq{s,w) <^Q'-''L'{1 + \s\)'-\1 + \s'\)'-'''. (7.5) 
Formts' < 1/2 and Vltw > 1 

Zq{s,w) <C gmax(0-.',-2.')2,l-2^'+^(l + |s|)^-'=(l + |s'|)^-'^'. 

When lxl2 » Q^I^\og{Q), with {Q^lxh) = 1, and fHes' > 0, the 9 can 
he removed in the previous two inequalities. 
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In the proposition, for £He s' > 1 
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= Q-''Lis',u-) n - ^AP^-')P-'') , (7.6) 

where L{s',Uj) is the usual L-series associated to uj (without gamma 
factors) . 

Proof. Fix some c, c < 1/2 — A;/2. In the range Die s < c the spectral de- 
composition of D{s; h) converges. Recalling the analytic continuation 
of D{s; h) given in Proposition 15. II we define D{s] h) by 



E ^-']_^'^^ . (7.7) 

tjfl<r<l/2-c ^ ' ■'' 

The function e'* has been included to insure that the sum over tj above 
converges. A polynomially decaying function in the imaginary part of 
s would suffice, but is convenient as it introduces no new poles. 
By construction, D(s; h) is analytic for all s with SHe s > c. Let 

ho>l ^ 

By Proposition 15. ![ for c < ^Hcs < 2, the sum over Hq in Zq{s,w) 
converges absolutely when Dlcw + {k — l)/2 > 3/2 + 9 — c. The sum 



j2 J2 ^'■..^■(^o^)'"*'^i(^oQ))e(^/2-r+.t,)^ 



(hoQ)y^+(''-^)/^s - 1/2 + r - It.) 

also converges absolutely when yitw + (fc — l)/2>3/2 + 6' — c. Thus 
Zq{s,w) converges absolutely and is an analytic function in the region 
c< 0^es < 2, ^tw + {k-l)/2 > 3/2 + - c. 
By dlZD 

Zq{s, w) = Zq{s, w)e'^ - Pq{s, w), (7.9) 
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where 




ij,0<r<l/2-c,/io>l 



ihoQ)^+(''-^)/^{s - (1/2 - r + ztj)) 



tj,0<r<l/2-c 



c,jLq(w + (fc - l)/2 - r + itj,M-)e(^/^-'^+^*^)' 
s- (1/2-r + ztj) 



(7.10) 



By construction 

2 

ReSs=i/2-r+itj ^Q(s,iy)e'' =ReSs=i/2-r+it, Pq{s,w) (7.11) 



The interchange in the order of summation above is allowed if the 
real part of w is sufficiently large. Once interchanged, it is clear that 
(given the analytic continuation of Lq{w + (fc — 1)/2 — r + itj,uj)), the 
summation converges absolutely for any fixed value of w. 

It is now clear that the sum defining Pq{s,w) converges absolutely 
and is, again by construction, analytic for all points s,w E C with 
y\cs > c, except for the points s = 1/2 — r + itj, where it has polar 
lines. 

Applying Proposition 15 . 1 1 again, we are in a range where each D{s; h^Q) 
can be represented by an absolutely convergent sum, when s is a dis- 
tance of at least e from any pole. Interchanging this sum with the 
sum over ho we obtain, for $Hew sufficiently large, an expansion for 
Zq{s,w). Writing s' = w + s + k/2 — 1 to simplify this and further 
equations, we have: 



{ld2t~^^'^Cr,LQ{w + {k- l)/2 - r + zt„ n-)e(i/2-.+^i,)^_ 



(7.12) 



where 



cusp 



2^^-V^r(i - s) 

V{s + k-l) 



(7.13) 



X 




and 
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- AnVis + k-l) ^ y_ Ca,Q(3 
r{s-l-it)r{s-l + tt){V,E4*,l + tt)) 

The functions (a,Q{s',it) have the analogous definition to Lq, with 

Ca,Q{s', It) = Q"'Us' + it)Us' - It) W (a2it(p^) - a2it(pT-i)p-^') , 

p^WQ 

and Ca differing from C at the factors corresponding to primes dividing 
iVo. 

We have estabhshed so far that Zq{s,w), as given by fl7.12p . is ab- 
solutely convergent (away from poles) when dKts < 1/2 — k/2 and 
9^cs' > 1. We will now enlarge the region in which Zq{s,w) is mero- 
morphic to the region Dlcw > 1. This will be done by continuing past 
the line ^He s' = 1 to all s'. 

The objective is to find an upper bound for 

J2 LQis',u-)pj{-l){V,Uj) 

= L{s',u])p,{-l){V,u,)Q-'' n (Wo -W^P''') 

\tjhT pi\\Q 

(7.14) 

Suppose that fHe s' < 0. By the functional equation we have the bound 
for a single L{s',Uj: 

L{s',u-) < (1 + \s'\ + \t,\)'~^''i£,£2)'^'-'' 

Also 

p->\\Q 

Thus for ^cs' <0 

Lq{s',U-) < Qmax(e-s',«c(-2s'))^£^£^)l/2-s'^^ ^ |^/| ^ \t,\)^-^'' . (7.15) 

For Dies' > 1/2 we can do better. By the approximate functional 
equation we may write L(l/2+i7', uj) as a sum of length approximately 

N = (4^2iVo(i + \tj + I'D'f « L{{T + ly I), 
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(Recall Uj has trivial central character.) The large sieve estimate of 
Deshouillers and Iwaniec [7], Theorem 2 line (1-29) states that 

2 

« {qT^ + N'+')\\a\\ 



E 

|tj|~r 



e "'^^^ ^ a{m)pj{m) 



where q = £1^2 is the level of the Uj and ||a|| = (^a(m))^^^. Thus 
taking 

V 

aim) = - — 



N 



1/2+47 ' 



we obtain 

E e-'^l*^l|p,(-l)r|L(l/2+^7',«7)r « (l+|7l+T)^L^log(Lr(l+|7'|)), 

which is the Lindelof bound on average. 
For yits' > 1/2 we have 

n (W) - W^p-'') « ^AQ) « Q'- 

p'WQ 

This implies that for s' > 1/2 
5^ e--l*^l|p,(-l)LQ(l/2+z7',«-)p«g2^-iL2(l+|7'|+r)^L2log(Lr(l+|7'|)), 

(7.16) 

Alternatively, rather than bounding Xj{Q) individually from above, we 
apply Cauchy-Schwarz to the left hand side of (17.141) above. One piece 
of this is then 

e-\'^\\p,{-l)LQ{s',uj)\'^Q-'^' J2 \pA-ms',uj)\' E 

(7.17) 



To estimate ^i^i^^ \ ^jiQ)\'^ ^^^^ application of the Kuznetsov 

formula, [19], Theorem 16.8, line (16.56)) as before, but first we have 
to normalize as follows: 



E i^.w)i'= E 



p.(l) 
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Here we have used the lower bound for Pj{l) given in (14. 4p . Switching 
Q for h in fl4.6p gives us 

J2 IM^IV'^I*^! «£i£2T2 + T^/Vo(£i£2)(Q,^i4)'/'Q'/'log^(3Q). 

and combining the above two expressions leads to 
J2 |AM|'«L2+^T2+^ + T^/4+Vo(£i£2)(Q,^i^2)'/'g'/'+nog2(Q). 

Thus, for £1,^2 > (5^/^log(Q), with (Q,£i£2) = 1 and £1,^2 prime, 
and, in this case, 

E |p.(-l)^Q(l/2 + ^7^^)P«Q-^^'^^(l + l7'l + |T|^^ (7.18) 

\tjhT 

From Proposition 14.11 we have 

E iF^r < (7.19) 

Combining ([ZHD, d7l8|) . and f l7l9|) finally gives us 
E Lq(s',u-)pj(-1)(V,mj) 

« E ip,(-i)^Q(i/2+^7',«7)n E 

< g-i/2Li-'=+^(i + lYi + |^|)l+'=+^ (7.20) 

To understand the region of absolute convergence we now rewrite 
( TTTSD as 



with 



5'cusp — lim. Scusp(T), 

T— >oo 



^Q(3',M7)r(s - I - itj)r(g - 1 + itj)pj(-i)(y, n^) 
,.:^T r(i-.t,)r(i + zt,) 
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The sum ScuspiT) can in turn be rewritten, after breaking up the 
interval [0,T] diadically, as 



5cusp(T)«^5:,3p(T/2^ 



i=0 



with 



22fc-l fcpi'i _ \ 



X 



^ LQ{s',Uj)T{ s - I - itj)T{s - I + itj)pj{-l){V,u^) 



By Stirhng's formula we have 

r(. + fc-i)r(i-.t,)r(i + .t,) + ^^ + 1^"^ ' 

(7.23) 

which is valid regardless of the relative sizes of tj and 3m. s. 

We now substitute the upper bounds of fl7.15p . (17.201) and (I7.23p . 
obtaining, for £He s' < 1/2, 

(iM'-'^^'S'^^^^iT) (7.24) 

^ gmax(e-s',-2.')^l-2s'(^ ^ | ^, | ^ ^^2-2s '^2^+^-2 ^ | S | ) ^"^ log(LT) . 

In the case Dies' > 1/2, we similarly get 

ih0'-''>^'S'^^jT) (7.25) 
< g''-^'L^(l + + t)1+^T2^+'=-2(1 + |s|)^-^ log(LT). 

The exponent 9 can be replaced by when £1,^2 ^ Q^^'^^og{Q), with 
(Q,£i^2) = 1 and £1,^2 prime. 

The cuspidal part contributes poles at s = 1/2 ±itj —r coming from 
the gamma factors r{s — 1/2 ± it j). The corresponding r{s — 1/2 ± it) 
in the continuous contribution do not contribute poles, for the same 
reason as they do not in the continuous contribution to D{s; h). (Also, 
the existence of a pole in s independent of w would imply the existence 
of a corresponding pole in the continuous spectrum piece of D{s;h), 
and there are no such poles.) 
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Unlike their counterparts in the cuspidal contribution, however, the 
functions Ca,Q m^-y contribute poles. The continuous contribution is 

r>2k-l^k-^(^ _ ^\ poo 

X n (<^2it(p^) - (J2it(p^-^)p-'') 



^ r(g - 1 - ^t)r(s - 1 + 2t)(\/, i + it)) ^^ 

Multiplying top and bottom by the normalizing factor C*(l + 2ii), 
and replacing it by 

r)2fe-2 fe-i/2p/-| _ „^ ^ r 

= 2.ins+k-i) ? i + - 



r(.-i-^OrGs^i + ^)(y,i^-(*,i + ^)) ^^ (7 26) 

C*(l + 2u)C*il-2u)Til-u)TC^ + u) ■ ^ - ^ 

The function 6*00111(5, s') is initially defined for £R;cs' > 1, and in this 
region 5*00111 (-s, s') has no poles in s' or s. To meromorphically continue 
to the region s' < 1, choose c such that C(/5 + i7) 7^ for < ^ < 
c/ log(l+ I7I). Fix s' = a + i'-y to be in the region < a < c/ log(l + I7I) 
and shift u to the contour u(t) = cj log(l + + it. A pole of C,{s' — u) 
is passed over at m = s' — 1. The residue at this point is 



22fc-2^fc-l/2rQ _ g^ 



27rir(s + A; - 1) 



r(. + i-.or(.-| + gO(Kii;-(*,.--|)) 
7ri/2-.'^*(3 _ 2s')r(s' - |)2r(| - s') ' ^ ■ ^ 

where ^^(s') is a Dirichlet polynomial. The singularities of the inte- 
grand in s' are at w = s' — 1, 1 — s' and after the shift both singularities 
are to the left of the contour. The function of s' can thus be continued 
to the region 1 — c/ log(l + I7I) < o" < 1 as both singularities remain to 
the left of the contour. Note that neither the residue nor the integral 
have a pole in s' on the line 9le s' = 1 (and in fact the residue vanishes 
at s' = 1). 
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Now shift u back to Dltu = 0, passing over the pole of (a{s' + u) at 
1 — s' . The residue here equals the residue in (17. 2 71) . and is added with 
the same sign, as the integral is moved in the opposite direction and 
C(s' — u) is replaced by C,{s' + u). Thus S'cont('S, s') has no poles in s' 
when fHes' > 1, and, when SKes' < 1, is given by 

o2fc-2_-fc-l/2-p|'i _ „N r 

^ r(g - 1 - n)r(s - 1 + ^)(\/, I + u)) ^^^ 

C*{l + 2u)C*{l-2u)V{\-u)V{\ + u) 

22fc-i^fc-i/2r(i _ — ^ 

T{s + \-s')T{s-l + s'){V,E*{*,s'-\)) 

vri/2-'C*(3-2s')r(s'-i)2r(|-s') • ^ - ^ 

Recall that s' = s + w + k/2 — 1. The integral above is convergent 
for any s' when 9^ew > 1/2 and Dies < 1 — k/2, and has no poles 
in s, as remarked before. It thus has no poles in s' when 9ie s' < 1 
and Dlcw > 1/2. The residual term has a potential pole when s' = 
1/2 and f = g and, for Dlzs' < 1, has possible poles contributed by 
r(s + I - s')T{s - I + s'). A polar line of r(s + ^ - s') is of the form 

s+1/2 — s— w — A;/2 + l = 3/2— w — k/2 = r, for some r > and thus 

when yicw > 1 would extend into the region fRzs' > 1, s' < 1 — A;/2 
where Scontl^, s') is analytic. A polar line of G{s — | + s') is of the form 
s -3/2 + s + w + k/2-l = 2s + w -5/2 + k/2 = -r and this also, for 
9^e s sufficiently negative, extends into the region of analyticity. This 
leaves s' = 1/2 when f = g as the only possible polar line. It follows 
that (s' — l/2)5'cont('5, s') has no poles in the region 

{{s,w)\^Ktw > l/2,^Kts < I -k/2}. 

It is easily verified that, except at the polar points, the continuous 
spectrum contribution, defined in (17.141) to (17.121) . satisfies the same 
upper bound as the cuspidal contribution. Details are omitted. 

Absolute convergence of the expansion, given in (I7.12p . of Zq{s,w) 
as T ^ oo, (away from the potential polar line at s' = 1/2), will thus 
occur in (I7.24p . (17.251) when the exponent of T is negative. This occurs 
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for 

_ files' -A;/2 if$Hes'<l/2, ,^ , 

^ts<{ , , , 7.29 

[l/2-A;/2 lists' > 1/2, ^ ' 

It follows that Zq{s, w) is absolutely convergent when $Hes < 1/2 — A;/2 
and dKzw > 1. 

Ass' = w + s + k/2 — 1, the bounds above can be translated into ones 
involving w. In particular, for s at least a distance e from the potential 
polar lines s' = 1/2, ands = 1/2 — r + itj, for any r < 1/2 — c and any 
j > 1, the following bounds hold: For ^Hc s' < 1/2 and £He w > 1 
Zq{s,w) < Q'"^^(^-^''-2-')L^-2s'j^g(^^^^^|^|^i-fe^^^|^/|^i-2s'_ ^7_3Q^ 

For DKts' > 1/2 and D\tw > 1 

Zq(s,u;) « Q'-^'L^{1 + \s\y-''{l + \s'\y-^''. (7.31) 

The function Pq{s, w) converges for any w E C when s is in the region 
c < £He s < 2 and is at least a distance e from the points s = 1/2— r+itj. 
Using (17.101) and Cauchy-Schwarz to estimate Pq{s,w) from above we 
obtain, in this region, 

1/2 

Pois,w) < L'-^ 





X I ^ \Lq{w + {k-l)/2- r + itj, Uj 

\tj\^l,0<r<l/2-c 

As r < 1/2 - c, 

5Kc (^^; + (A; - l)/2 - r + %) > 9ie + A;/2 - 1 + c. 

Combining the previous two lines with with (15. 4p and (I7.15p . (17. 16p it 
follows that in this region 

Pq{s,w)<^B{w)L-^L% (7.32) 

for any B{w) satisfying 

1/2 



B{w) > \LQ{w + k/2- l + c + itj,uj) 



|2 



Thus, for example, for Dltw + k/2 — 1 + c > 1/2 

B{w) < Q'-^/^L^+\ (7.33) 

This means that Pq{s,w) also satisfies the bounds of (l7.30p .( l7^M]l . 
from which it follows that the difference Zq[s,w) also satisfies these 
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bounds, and (s' — 1/2)Zq{s,w) is analytic in the region c < fHes < 2, 
Uitw > 1. 

For yic s,w > 1, the function Zq(s, w) converges absolutely. By (17.41) 
it satisfies 

ZQ(s,w7)«(gL)-i-^L-('=-i)/2 

in the region fHe s,w > 1. 

We have shown that {s' — 1/2)Zq{s, w) is analytic in the tube domain 
yitw > 1, c — e<£Hes<2 and the tube domain SHew > 1, 5^es > 1. 
Consequently it is analytic in the convex closure of the union, namely 
the tube domain yicw>l,c — e< fHes. This completes the proof of 
the proposition. □ 



Referring to and ([73]), for D\zs,mtw>l 

a{mi)b{m2 
{i2m2Y+''-^{hoQ)'"+(''-^y^ 



/I0,m2>l 
eimi=e2m2+hQQ 



We will now analytically continue Zq{s,w) into the region Dlcw < 1 
and £He (w + (A; — l)/2 + s — 1/2) > 3/2 and obtain an upper bound for 
Zq{s, w) in this region. The bound is given in the following 

Proposition 7.2. Let s' = w+k/2+s — l and suppose that ^it s' > 3/2, 
yits > 1 and yitw < 1. Choose K such that 1 + e > K + 9^ew > 1. 
Suppose also that £1,^2 ^ L <^ Q. Then Zq{s,w) has an analytic 
continuation into this region and can be expressed by 

to o<j<K \ -J / 

J2 S'.is, w, j; Q/d) - Ssis, j; Q) \ + O (^-^^ 

Here 
S5{s,w,j;Q) 

= -Jo) 5Z + {k-l)/2- J, /, x)L{w + J, g, x)x{h)W2) 

X (mod Q) 

and 

A{m)B{m) ^ A(£r)i?(£r) 



(m/i^2)=l (r|£i^2)°° 
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where 

hi2 



Remark 7.3. It's interesting that the pole at s-\-w-\-k /2—1 — 1/2 when 

f = g, although outside of the range we are considering, is nevertheless 
evident in the Ss{s,w,j;Q) contribution, which is the Rankin-Selberg 
convolution of / with g up to factors dividing iii2. 

Proof. Write 

Zq{s,w) = Si{s,w) + S2{s,w), (7.35) 

where 
and 

a{mi)b{m2) 



^ 1 1 ~ ^ 2 2 "I" ^ 

It is easily verified that in the region ^Rt{s + w + k/2) > 5/2 

^) « ^^g.+.l./2-3/2 « (7-36) 

In this same region 

S2{S,W)^ 

^ 2^ s+fc-i «,+(fe-i)/2 I ^ g ] ■ 1^-30 

«2m2</>oQ '"'2 '"'1 ^ 1 / 

As £2^7.2 <^ hoQ the following is absolutely convergent: 

?2m2 + hoQY^^'-'^^' ^ / £2^2 ^ 



hhoQ J V i2'm2 + hoQ^ 

-{w + {k- l)/2)\ i-e2m2y 



= E 

j>0 



J J {^2m2 + /ioQ)^' 
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Recalling K ^ 1 — yicw, break the previous series into two parts and 
substitute this into f l7.37p . This leads to 

S2{s,w) = S3{s,w) + S4{s,w), (7.39) 

where 

{i,i,)(''-^y^ ^ [-{w + {k- 1)/2)\ f-i. 



0<j<K 



a{mi)h{m2) 



s+k-l-j w+(k-l)/2+j ^'-^^^ 
l2m2<^hQQ '"'2 "n 



and 



s+(fc-l)/2 /l^ \ / V £i 

2 j>K ^ / \ i 

V a(mi)&(m2) 



^1 "^1 '>TT'2~^^0^ 

As £i ~ £2 ~ it is easy to check that 

, 1 ^ f-{w + {k-l)/2)\ 



^ ^ A(mi)5(m2) l'm2Y~^ 



e2m2<e:hf)Q 



and as mi m2 it follows that for 9^e(s + w + /c/2) > 5/2 

^4(s,«;)«-^^. (7.42) 

Write 

(7.43) 



2 o<i<ii' 

where 



2m2«?io<3 "^2 "^1 



For any fixed j, < j < i^, break 6*3(5, w,j) up as follows: 
S^{.s,w,i) = S<i{s,wJ) - Sq{s,wJ) - S7{s,w,j) - Ssis^wJ), (7.45) 
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where 



■m'2>\,hQ^'L '"'2 '"'1 
1 1 ~ ^ 2 2 "I" *3 



a(mi)6(m2) 



+fc-i-i^«'+(fc-i)/2+i • 

- J "'■2 

a(mi)6(m2) 

^+fc_l_j^+(fe-l)/2+j 
'»0.»"2>l 2 '"'1 



and 



^ a(mi)6(m2) 

-581,5, J j 2^ „,+(fc_i)/2+j ■ 

£imi=^2m2 '"2 '"1 

It can be easily checked that 

S6is,w,j),SY{s,w,j) < ^. 

The sum S5{s,w,j) = S^{s,w,j)]Q is simply 

a(mi)6(m2) 



S5{s,w,j;Q) ^ ^ 



s+k-l-jw+{k-l)/2+j 



^imi=^2m2 (mod Q) "^2 "^1 

Define 5*5(5, w, j; Q) to be the same sum, with the condition (m2, Q) — 
1 imposed. (Recall we have also assumed (£1^2, Q) — 1-) Thus 

rY// ■ ^\ \ ^ a(mi)6(TO2) 

5^(5,^,j;g) = E ^.^.-;-,^.V(Ji)/2^, (7-46) 

eimi=e2m2 (mod Q) '"'2 '"'l 
(m2,Q) = l 

The sum S'^{s,w, j;Q) analytically continues to 
S5(s,w,j;Q) 

= ^ E Hs + {k- l)/2 - J, /, x)L{w + J, 5, x)x(4)^. 

'^^^^ X (mod Q) 

(7.47) 

The sums S'^{s, w,j; Q), S5{s, w,j; Q) are related by the simple sieve 

S'^{s,w,3]Q) = ^^{d)S5{s,w,j;Q/d) 

d\Q 

for the following reason: Suppose m2 = m2d, with d\Q. Then the 
condition £imi = £21712 (mod Q) implies that mi = m'^d also, and 
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thus this is equivalent to the condition iim[ = i2fn2 (mod Q/d). By 
Moebius reciprocity we then have 

S,{s, w,j; Q) = Y^ S',{s, w,j; Q/d). (7.48) 

d\Q 

This provides an analytic continuation for S^{s,w,j] Q). 
Finally, the sum Ss{s,w,j) factors as 

c. . _ A{m)B{m) ^ A{ir)B{ir) 

where 



(4,^2)2' 

The proposition follows after assembling the bounds and relations fl7.35p - 

dUSD. □ 

It follows from the preceding two propositions that Zq{s,w){s + 
w + A;/2 — 3/2) is analytic in the union of the regions 'iKtw > 1 and 
^Hc(s + w + k/2 > 5/2. As the convex hull of this union is the 
analytic continuation of Zq{s, w){s+w + k/2 — 3/2) and the consequent 
meromorphic continuation of Zq{s,w) follows. 

8. Double shifted sums 

The analytic properties of Zq{s,w) make it possible to derive some 
sharp estimates for double shifted sums. For example, take the case 
Q = ii = ^2 = ^ and consider 

A{m2 + h)B{m2)(l + ^] 
S{x,y)= h(^2 G{m2/x)G{h/y), 

where G{x) is smooth with compact support in the interval [1,2]. This 
sum will behave differently, depending on the relative sizes of y and x. 
Write y = x^~^°'. For y x, that is, a < 0, it essentially estimates 



^-,.-i)/2 ^^^^ ^ h)B{m2) 



-{k- 

m2~x,h~y 

while for y x, that is, a > it essentially estimates 

^-(fc-i)/2 A{m2 + h)B{m2). 

m2'-^x,h^y 
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A key word here is "essentially". The sum S{x, y) is weighted by the 
factor 

X (fc-l)/2 

1 + ^ 

m2 



and it is precisely this factor which allows extremely sharp estimates 
to be made for S{x,y). However, it is the unweighted estimates 

A{m2 + h)B{m2) 

that are required for most applications. 

The sum is related to Z{s, w) = Zi{s, w) by the inverse Mellin trans- 
form 

S{x,y)=(^] I I Z{s,w)x'y'"g{s)g{w)dsdw. 

\2TnJ J (2) J {2) 

Here g{s) is the Mellin transform of G'(x), as before. Referring to 
Proposition 17.11 move the s line of integration to the left, to 9^es = 
1/2—^2—6, passing over simple poles at s = 1/2— r+itj for < r < k/2. 
The residue at s = 1/2 — r + it j is 

CriX^/'^-''+'^^g(l/2-r + itA f , .x,. . x ,„ . x , 
^ ^ / L{w + {k-l)/2-r + itf,u-)y'"g{w)dw. 

As the integrand has no poles, the line of integration may be moved 
arbitrarily far to the left, to ^icw = —C, and, summing over j and r, 
the residue contribution is 

Thus 

S{x,y) 

= (^) I I Z{s,w)x^y-g{s)g{w)dsdw + 0{x'l^y-^). 

Now move the w line of integration to the left in this double integral. 
When f = g there is a pole at s + w + k/2 = 3/2, and when D^e s = 
1/2 — k/2 — e, this occurs on the line Dlcw = 1 + e. Estimating the 
integral at his point, we get 

S{x,y)<^x^/^-''/^-y+\ 

On the other hand 



c,, , V- A(m2 + h)Aim2) (1 + g) 
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and for y ^ x the trivial estimate for this sum is x^^'^^'^^'^xy. Thus the 
estimate is non-trivial as long as y^'^'^x"'^ ^ xy, i.e as long as 



8.1. Removing the weighting factor. The unweighted but smoothed 
sum we are interested in estimating is 



SQ{x,y) = ^ A{mi)B{m2)Gi{mi/y)G2{m2/x) 

h,mn > 1 



The sum SQ{x,y) is related to Zq{s,w) via a triple inverse Mellin 
transform, as set forth in the following 

Proposition 8.1. Suppose Gi{x),G2{x) are smooth with compact sup- 
port in the interval [1,2], with gi{s),g2{s) denoting the corresponding 
Mellin transforms as before. For x ^ 1, 



1 V /■ f f Zq{s + w -u,u+{l-k)/2) 
MJMJM T{{k-l)/2 + w) 



X r((A; - l)/2 + w- u)V{u)e^t^x'y'^gi{w)g2{s)dudwds. (8.1^ 



Here 71, 72, 73 are chosen so that ^He s+w—u > 1, yitu+{l — k)/2) > 1, 
and fHe {k — l)/2-\-w — u > and in particular we choose 71 = (A; + l)/2, 
72 = 1 + 2e, 73 = (A; + l)/2 + e, for any e > 0. 

Proof. The following identity can be found in [H], 6.422 ^^3, (after 
changing the signs of 7 and u). For Die (3 > 7 > and arg(t) < tt. 



1 

27Ti 



r(M)r(/3 - = r(/3)(i + 1)-^. 

(7) 
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Changing the variables in fl7.4p . and setting /3 = (/c — l)/2 + w, 



27rz 



J— I Zq{s + w- u,u 

'(7) 

+ (1 - A;)/2)r(M)r((A; - l)/2 + w- u)i^ildu 
^ A{mi)B{m2) 

1 ^ 1 ~ ^ 2 2 "I" ^ 

J^^) (4m2)^+"'-"(/ioQ)" 
^ (£2^2)'+"' 

1 1 ~ ^ 2 2 ^5 



X 



r((fc-l)/2 + «;) 



2 



^.'^o.i ^ (^2m2)^+- (1 + IS) 



W 



^r((*-i,/2 + .o (8-2) 

m2,ho>l ^ ^ 

^ m ]^ — £ 2 ^ 2 + ^ 

The proposition then follows, after setting 7 = 73 and applying the 
inverse Mellin transform 

/ / gi{w)g2{s)x'y'"dwds 



1 



to both sides. □ 

Having related Sq^x.y) to Zq{s + w — u,u + {1 — k)/2) we will 
now derive an estimate for SQ{x,y) from the analytic properties of 
Zq{s + w — u,u + {1 — k)/2). We will show the following 

Proposition 8.2. Suppose ?/ > x > 1, ^1, ^2 ~ -^^ < Q^^"^ ■ Then 

SQ{x,y)<^Q'-'/'L'+^y{y/xr. 
If, in addition, L ^ Q^^^ log(Q) and (£1^2, Q) = 1 then 

SQ{x,y)<^Q-'/'L'+'y{y/xr. 

Proof. Let / denote the triple integral on the right hand side of (18. ip . 
Bring the s integral inside and move the s line of integration to iHe s = 
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— e — 6, where < 6 < 1 will be specified shortly. After this, s + 
w-u = l/2-k/2- 6. As Dlcu + (1 - k)/2 = 1 + e, PropositionO 
applies, in particular the bound given in (17. 5p . While moving the line of 
integration poles are passed over at the points s + w — u = 1/2 — r + it j, 
for < r < k/2 (the upper bound of k/2 is there as 5 < 1. By 
Proposition 17. the residue at s + w — u = 1/2 — r + itj of the triple 
integral is given by 



2m J 7(,,)7(,3) T{{k-l)/2 + w) 

X T{{k - l)/2 + w- n)r(M)(£i?/)"'(£2a;)"~"+'/'~'+'*^' 

X gi{w)g2{u — w + 1/2 — r + itj)dudw. (8.3) 

Now move the u line of integration of this double integral to Dlcu = 
r + 1/2. No poles are passed over in the process. The argument of 
r((A; — l)/2 + w — u) now satisfies 

D\t {k - 1) /2 + w - u = k/2 - r + 2e > 0. 

Move the w line of integration inside, and then to SHe {k — l)/2+w — u = 
—1/2, i.e to yiew = 1/2 + r — k/2. In the process a pole is passed over 
at w = M + (1 — k)/2. The residue at w = u + {1 — k) /2 is the single 
integral 

Ri{r,j) = ^ [ (£i£2)('-')/V,,LQ(l/2 + zt,+zt,n7)(%)'^+^-'^/^+^* 

X (£2x)^/2-r+it,^^(^ + 1 _ A;/2 + it)g2{k/2 -r + ttj)du, (8.4) 

where we have written u = 1/2 + it. 

After the lines have been shifted, as above, we have 

j,r,0<r<k/2 j,r,0<r<k/2 

f f f ZQ{s + w-u,u+{l-k)/2) 
-2vr^; JMJMJi-^-s) T{{k-l)/2 + w) 

X r((A; - l)/2 + w- u)V{u)e^t^x'y'"gi{w)g2{s)dsdudw, (8.5) 
with Ri{r,j) given in (18. 4p and 

1 V /■ /■ mY'-'^/'cr, 



+ 



'(r+1/2) J(l/2+r-fc/2) r((A; — l)/2 + w) 

xLQ{u-r + it,,u-)T{{k - l)/2 + w- ^i)r(u)(%)-(£2a;)"-"+^/'-^+**^^ 

X gi{w)g2{u — w + 1/2 — r + itj)dwdu. (8.6) 
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To estimate the sums over i?i(r, j) and R2{r,j) we first recall via 
flO) and frrrSD that, for fixed r, 

I i^-j-n I Yl \LQii/2+ttj + it,u] 

< (log(£i4T)(£i£2)"'T2'-+i)'/' 

X (g2e-iL2+^(l + |t^. + t| + |T|)2+^)'/' 
< + + 1| + |2-|)i+.ge-i/2 

< L'{1 + \tj +t\ + \T\Y+'Q'-^/^ (8.7) 

Here ^ = if L > Q^/^ log(Q) and (^i^, Q) = 1- 

The constraint iimi = ^2^2 + hQ, with m2, /i > 1 implies that the 
sum Sq^XjU) is trivial unless y^x. In the case of Ri{r,j) 

In the case of R2{r,j), 

Substituting these bounds and (18 .7^ into (18 ■4p . (I8.6p . and using the 
rapid decay of r{u) , gi{w) , g2{s) , we see that 

J2 Riir,j)+ Yl R2{r,j)^L^^'yQ'-'". (8.8) 

j,r,0<r<k/2 j,r,0<r<k/2 

Turning to the shifted triple integral, we recall Proposition l7.lt in par- 
ticular (17. 5p . which we restate for convenience: For Dlt s' = Die s + w + 
k/2-l> 1/2 and ^zw > 1 

ZQis,w) « Q'-^'Uil + \s\y-\l + |s'|)i-2^'. (8.9) 

In our integral s' = s + w — 1/2 and 

$He s' = -e - 5 + 72 - 1/2 = 1/2 + 6-5. 

Setting 5 = e we obtain s' = 1/2, which is optimal. 

There is a potential pole at s' = 1/2 which is described in (I7.28p . 
Translating into the present parameters, the piece containing the pole 
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IS 



■Ka{s + W -1/2)Q 



1/2-s-w 



27iiT{s + w — u + k — 1) 



r(l - ^)r(2g + 2^ - 2 - ^) {V, E*{*,s + w- 1)) 
7ri-*-"'C*(4-2s-2w)r(s + w-l)2r(2-s-u;)' ^ ' ' 

This is analytic, and in fact vanishes, at s + w — 1/2 = 1/2, as fHcu = 
[k + l)/2, which is not a positive integer. Thus in this context there is 
no pole on the line Dies' = 1/2. 

Writing s = — e — 6 + its, w = 1 + 2e + ityj and u = (fc + l)/2 + e + it„ 
we have s' = 1/2 + + t^,). The bound of (18. 9p translates to 

Zq{s + w-u,u+{1~ k)/2) < Q''^'^L\l + % + - 

Also, in this region 

{^iyr{^2xr « (Ly)^+2e(^^)-.-. ^ {Ly){y/xf\ 

Substituting the two previous estimates into the triple integral appear- 
ing in (18.51) . and using the rapid decay of V{u)gi{w), g2{s), the integral 
is bounded above by 

Combining this with the bound (18. 8p . and substituting into (18. 5p . we 
finally have 

/ « Q'-'l'L'^^y{y/xf\ 

with ^ = if L > Qi/Mog(Q) and (£1^2, Q) = 1- Replacing e by e/2 
completes the proof of the Proposition. □ 

9. Application to subconvexity 

Our amplification argument is modeled on that of Blomer in [2], 
which is in turn based on that of | lOj . Let x be a primitive character 
mod Q with (Q, A^o) = 1, and 

m>l 

Write 1/(1/2, f ® x) using the approximate functional equation: 
L(l/2, f^x) = y ^M^M ^ ( - \ y AMxim) ( m 
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Let 



where G is smooth of compact support in [1, 2] and x is a parameter. 
By a smooth dyadic partition of unity, and summation by parts, we 
have 

L(l/2, / ® x) < max{Qy/No)-^/''B^{x). 
Suppressing the A^o dependence, we have 



(9.1) 



Set L = Q^/'^\og{Q), and for any x ^ Q, consider the amphfied sum 



5 = E 



m 

Notice that the term with ip = X contributes 



e~L,e prime, {e,No)=l 



■ (9.2) 



E 



1 



£~L/prime, (£,Afo)=l 

The number of £ ~ L with i prime is 

'^'""^'■''> log(QV4 log(Q) • 
SO taking only the contribution to S from ip = x gives 

Combining this with (19.10 we now have 

L(l/2, / ® x) < maxQ-3/4^i/2_ 



(9.3) 



(9.4) 



Use Parseval (for the group (Z/QZ)*) on the sum (19.21) to obtain 



a mod Q,(a,Q)=l 



E A(m)?/^(m)G' 



m=a mod C 



a mod Q 



E A(m)V^(m)G 



m=a mod Q 



X 
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Opening this sum and using the orthogonahty of characters gives 

mi m2 £i £2 tp 

, mi "^2 

The sum over m\^mi such that l\m\ = £2?^2 (mod Q) can be broken 
into three pieces: 

s « m) x(^i)x(4)(^i + ^2 + ^3), (9.5) 

where 

= J] (^) G (^) , 

m2 > 1 /i mi =£2 m2 
m2 , /jo > 1 /i mi =f 2 m2 + /lo <9 

and 

m2,/io>l,^2mi=^im2+hoQ 

It is easily verified that for general i 

^^Q) E E x(^i)x(^2)^i « i^g'+^ 

For prime ^1,^2 the can be removed as follows. The condition 

Cirrii = i'2^''2 reduces to the two cases £1 = £2 and mi = m2. or 
(^1,^2) = 1) with mi = ^2f^1 "^2 = ^i"^- The first case occurs with 
multiplicity Q^^^ and the contribution to Si is 

j:A(m)i(m)G(^)G(^)«.. 

m>l 

The second case occurs with multiplicity L^, and the contribution to 
Si is 
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This is equal to the following double inverse Mellin transform: 

L{s + w; ii, i2){x/iiy{x/i2rg{s)g{w)dsdw, 



1 



2TTi 



(2) J (2) 



where 

w . ^ A{i,m)A{i2m) 

L{u;iij2) = 2_^ — 



m>l 

Setting u = s + w, this becomes 

2 

L{u;ii,i2)ix/iiy{x/£2T^'gis)g{u- s)duds. (9.6) 



1 

Now 



(2) J (4) 



L{u; £i, £2) = L{u, f ® f)Ee, {u)E,, {u) 

7>0 



^ A{ir')A{il] 

X 



E 

7>0 



f-2 



where, for p = ii,i2, 

E,{u) = (1 - - - 

is the inverse of the Euler factor of L{u, f ® f) at the prime p. In other 
words, the correct factors of the Rankin-Selberg convolution have been 
removed and replaced by altered factors. 

The key point is that L{u\ ii, £2) continues to a function of u that is 
analytic when Dlzu > 0, except for a simple pole at m = 1 of residue 
K, with K <^ 1. The implied constant here depends, as usual, on /, (in 
particular on L(l, /, V^)), but is independent of ii,i2- The Euler prod- 
ucts and infinite sums are bounded from above by absolute constants. 

Remark 9.1. If £1, £2 were allowed to vary over any integers, the length 
of this product would depend on the number of prime factors of ^1^2- 
This would have introduced an extra L*^. As they are restricted to 
primes the product is bounded absolutely. 

Moving the u line of integration in fl9.6p to ^icu = 1/2 and passing 
over the pole at u = 1 gives us the relation 

m>l \ / \ / 
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The total contribution of the two cases to the 5*1 piece is thus 

Yl Yl < Q{Lx + L\x/L)) < QLx < Q^L. 

il i2 



The sums 5*2, are bounded using Proposition 18. 2[ with x = y <^ Q. 
As L ~ gi/^ and (^i^, Q) = 1 this gives us 

Substituting, we have for their contribution: 



Referring to (19. 5 p we have 
S « 0(g) E E X(^i)x(^2)(5i + ^2 + ^3) « Q'L + Q'/'L'+^ 

< g'/Mog(g) + g9/^+^ < g9/^+^ 

Finally, referring to (19. 4p . 

L(l/2, / ® X) < maxg-3/451/2 ^ g3/8+._ 

This completes the proof of Theorem 11.11 

10. An application to mean values of L-series 

The object of this section is to use the techniques developed so far 
to prove the following mean value result. We will need to sharpen our 
notation now, and write 

ZQ{s,w;f,g) = Zq{s,w) 

to include a reference to / and g. We will continue to suppress ^1,^2 
in the notation, but in this section we will take ii = £2 = 1- Let 

^(Q) = ^ E Lil/2,f,x)Hl/2,g,x). (10.1) 

Also, if /, g are our usual cusp forms, with normalized Fourier coeffi- 
cients A{n),B{n), let Fd{z),Gd{z) be defined by 



n>0 n>0 

which are of level (INq. Then 
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Proposition 10.1. When f ^ g 
SiQ) = LQ{lJ®g) 

+ E ^ i^Qd^ - 1/2; i^d, G,) + ZqiIX - 1/2; G,, F,)) 

d\Q 

+ 0{Q'-^'^), (10.2) 

and when f = g, for any x > 1 

S{Q) = Res,=o Lq(s + 1, / ® f)T{s){x/2y 
^2 J2 /^(^) Res^=o r(^;)x"-ZQ(l - k/2, w + 1/2; Fg, F,)) ^ ^ 

d\Q 

(10.3) 

Remark 10.2. The interest in tliis Proposition is in the relation of 
the mean value to special values of the shifted multiple Dirichlet series 
Zq{s,w, f, g). These special values will be shown to be constant on 
average in Section [121 The final mean value result will be derived by 
averaging the result of this Proposition over Q in short intervals. 

For any x ^ 1, and Dlts > 1/2, the following series is absolutely 
convergent. 

y4(m)x(m) 



L{s + 1/2, f,x) = J2 



m>l 

Multiplying by T{s) and applying an inverse Mellin transform, one 
obtains 



1=1 L{s + 1/2J, x)x'T{s)ds=Y, 

-^(2) m>l 



Fixing any e > 0, if a; ^ Q^^*^ then by moving the line of integration to 
9ie s = — 1/2 — Ci, Ci > 0, and using the functional equation to bound 
the L-series one obtains 

I = L{l/2, /, x) + Oix-'/'-^^Q'^'^^) = L{l/2, f, x) + 0(x-^^) 

for arbitrarily large C2. Note that the character x does not need to be 
primitive for this to be true. 

Doing the same thing for g and multiplying gives us 



L(l/2,/,x)L(l/2,^7,x) 
= E ^^^^^i^^^ (10.4) 

mi,m2>l 
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for arbitrarily large C3. 

Average over all characters x modulo Q and let 

= ^ ^(V2,/,X)^(1/2,^,X)- (10.5) 

Then 

mi=m2 (mod Q) 
(m2,Q)=l 

A{m)B{m) , ^(ma + ^oQ)^(^2) ^-2m,/x-feoQ/x 

(m,Q) = l {m2,Q) = l 

((">2 + Ao«)m2)'''^ 

(m2,Q)=l 

By a similar inverse Mellin transform to that used above, 

J2 ^ ' ^ ' = — / LQ{s + lJ(^g)T{s){x/2yds. 

(m,Q) = l 

Moving the line of integration to 9le s = —1 + e, ii f ^ g this becomes 
E «^^ = Ml./«9) + 0(.-). (10.7) 

m>l 
(m,,Q)=l 

while ii f = g then 

^ A(m)A(m)e-2W^ Lq(1, /, V^) logx 

4i ^ ^ — c^(^^ — ^"'^ 

m>l ' 

Both c/ and the implied constants depend, as usual, upon / and g. The 
Q subscript indicates that Euler factors dividing Q have been removed. 
We have shown so far that 

where 

su\-[^^^^^^®^y'^^^^ no 91 

^ 1^q(1, /, V^)Cq(2)-i logx + c, if / = ^'"-'^ 

(m2,Q)=l 



C>(x-^+^). (10.8) 
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•^3 W = X 77 nrn\ \m ' 10.11 

(m2,Q) = l 

and 

^4(2:) < (10.12) 

Note that although the left hand side is independent of x, the four 
contributions on the right hand side all depend on x. Interestingly, in 
the case / = (7, as x — )■ 00 the diagonal term, 5*1(0:), tends to infinity, 
while S{Q) is independent of x. In other words, Si{x) can not be the 
entire main term! Thus, at least in the case f = g, there must be a 
corresponding main term contribution from 5*2 (x) and Ss{x) canceling 
the multiple of logx in Si{x). In fact, we will see that 5*2 (x) and 5*3 (x) 
contribute to the main term even when f ^ g. 

We would now like to transform 6*2 (x), into a form where Propo- 
sition 112. 3[ to be proved in Section [12], applies. The first step is to 
remove the (m2, Q) = 1 condition, which we do with a sieve as follows. 

>^ A{m2 + /io(5)5(m2)e-2'"2A-?'oQ/x 
'^"^^ " {im2 + hoQ)m2y/^ 

(m2,Q) = l 

_ >^ /4(m2 + /io<5)i?("^2)e-^™2/^-'*°^/'^ 

,>^,un {{m2 + hoQ)m2y/' 

m2,ho>l d\{m2,Q) 

~h rnh^ {{m'2d + h,Q)m'2dYl^ 

-V fr/^ V -^^(^2 + /iog/ci)^d(m^)e-''"^/("/'^)-^°(Q/'^)/("/'^) 
-Z^M ) 2^ rf((m'2 + /io(g/rf))m(,)V2 ■ 

Here we have used A^{ri) = A{dn), Bd{n) = B{dn) to denote the nor- 
malized Fourier coefficients of the level dN^ forms Fd{z),Gd{z), as de- 
scribed above. 
Writing 

c f ' ^ n'^- \^ ^d(^2 + /iog)Bd(m2)e~^'"^/"'~^°QV"' 
b2[x,d,Q)- 2^ ^ h,Q')m2yi- ' 

SO that 5*2 (x) = 5*2 (x, 1, Q), we have shown that 

S2{x) = Y,^S2{xld,d,Q/d). (10.13) 

d\Q 
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Now write e"^'"^/^' = g-™2/a;g-m2/2.' g^^^^ substitute the series expan- 
sion for one of the 6""*^/^, obtaining 

^-2m2/x-hoQ/x ^ g-ma/x-hoQ/x (-l)"(m2/x)" 

^ n\ ' 

n=0 

Substituting into S2{x' ,d,Q') and interchanging the orders of summa- 
tion leads to 

n=0 m2,feo>l VV ^ ' ; Z7 



(10.14) 



To apply Proposition 112.31 to this sum we take £i = £2 = 1, replace 
f,g by Fd,Gd, and replace the level A^o by (INq. (The L in the order 
symbol is replaced by Ld}/'^.) This gives us 

'c(Frf) logx' + c'(Frf) if n = and / = (7 
Zq,(1 - A;/2, 1/2; F,, Gi) if n = and / (7 

+ O {q"-'I' log(d + l)x'-^/^) + O (q'^x'-^ 
Combining this with (110.131) and (110.141) gives us 

^2(.)=E^f: 



Ad{m2 + hoQ/d)Bdim2)e 

X 



(i ^ (x/(i)"n! 

dlQ n=0 ^ ' ^ 

/22 + /i( 

..,.0.1 ((m2 + /.oQ/rf)m2)V^ 

^^/i(rf) Jci(Frf)logx + C2(Fd) if f = g 



\ZQ,(l-A;/2,l/2;Frf,Gd) if f ^ g 

d\Q 
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As 



d\q 

the above expression then simphfies to 



Hid) I ci{Fd)logx + C2{Fd) if f = g 



d \ZQ,{l-k/2,l/2;F,,G,) ii f^g 



O + Q + O (g^'x-^') . (10.15) 



The same argument and bound apply to 5*3 (x). 

Collecting the above equalities and bounds, we have shown that 



S{Q) 



LQ{lJ®g) lif^g 
LQ(l,/,v2)CQ(2)-Mogx + c/ iif = g, 

sr^ fijd) I Ci{Fd)\ogx + C2{Fd) if f = g 

d [Zgil - k/2,1/2; F,,G,) if fy^g 

s-^ fijd) I Ci{Fd)\ogx + C2{Fd) if f = g 

d [Zq^I - k/2,1/2; Gd,F,) if fy^g 

+ O [Q'-^l^) + O [Q'x-^/^) + O (g^'x-^') . (10.16) 

We can now let x — ?■ oo in (110. 16p . When we do so it is clear that 
there must have an identity of constants: 

^q(1, /, V^)Cq(2)-^ + 2 = 0' 

d\Q 

where 

Ci(Frf) logx + C2{Fd) = Res^=oTiw)x'^ZQil - k/2,w + 1/2). 
The proposition then follows. 

11. Additional multiple Dirichlet series 
To investigate the behavior of Zq{s,w) as Q varies, we define 



>>i 



The i is introduced for extra flexibility that we will need for the mean 
value application. The function Jli{s,w,v) would be more accurately 
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written as J^{s,w,v; £i, £2, f, g) but we will suppress the extra nota- 
tion whenever it is possible to do so without confusion. 

By the polynomial bounds in Q found in Propositions 17.11 and \7.2\ 
this series will converge, for any fixed value of s,w, when the real 
part of V is sufficiently large. If the real parts of s, w and v are all 
sufficiently large then Zq{s,w) can be expanded as a double Dirichlet 
series. Recalling its definition in (17.41) and bringing the sum over Q 
inside, we get 



7712 ''''0 'Q — ^ 



Writing m = hoQ this becomes 

A{m,)Bim2) (l + ^) a_,(m) 
M{s,w,v)- J^^^^ (£2m2)^(£m)-+(^-i)/2 

a(mi)6(m2)cr_„(m) 



(£2m2)^+'^-i(^m)"'+('=-i)/2 
a_^{m)D{s; dm) 



m> 



m2>l 

where 



. (£^)»+(fe-l)/2 

(4^2)^ 



(n p ^(fc-l)/2 V h{m2)D'{w,v,m2) 



N \ ^ a(mi)cr_,,(m) 

D'(^,.,m2)= L\U-Jr (11-4) 



('£^)«;+(fc-l)/2- 

m>l ^ ^ 

£-^771-^ — m.^+^2"^2 



We will obtain the analytic continuation of D'{w, v, 1112) by a method 
very similar to the one used to analytically continue D{s,w;h). The 
difference is some technical complications caused by the fact that the 
cr_„(m) are Fourier coefficients of Eisenstein series rather than cusp 
forms. Details are given in the following section. 

11.1. The analytic continuation of D' {w , v , 1712) . Our objective is 
to prove: 

Proposition 11.1. Fixe > 0, f with^Rtv > and B ^ 1. For^Kzw > 
1 + e the Dirichlet series D'{w,v,m2) defined in (111.41) converges abso- 
lutely. It has an analytic continuation to all w with Dlzw > 1/2 — B, 
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andv withDltv > 0, except for simple poles whenw+v/2 = 1/2+itj—r, 
for r > 0, and possible simple poles when w + v/2 — —r. The residues 
at the points w + v/2 — 1/2 + it j — r are given by 



Res^+^/2=i/2+it,-r D'{w, V, m2)) = dr,j{i){£2m2Y~'*' Xj{i2m2), (11.5) 
where 



r{k/2 + itj - r + v/2)V{k/2 + itj - r - v/2) 



X 



r(l/2 + it,. - r)r(l/2 - it,- + r)r(2it,- - r)(-l)V,(-l) ([/, u^) 
r\T{l/2 + itj)T{l/2-itj) 

(11.6) 



and U{z) = y''/^ f{Uz)E^^\lz, (1 + v)/2). For T :^ I the drj satisfy 
the average upper bounds 

J2 \dr,M'<.T'''-\iiir'. 

\tjhT 

When w + v/2 < 1/2 — k/2 and w + v/2 is at least e away from 
the poles, D'{ui,v,m2) is given by the following absolutely convergent 
sum and integral: 

T{l-vj- v/2)Tiw + v/2)T{{k + 1 + v)/2) 

T(w + {k- l)/2)T{w + {k- l)/2 + v) ^ '""'P 
T{l-w- v/2)T{w + v/2) ^ a{{i2m2 - im') /i)a-y{m') 

~r{{l-v + k)/2)r{{l + v-k)/2 ^^^^^^^^ (£^/)«.+(.-i)/2 ■ 

(11.7) 

Here 

cusp 



= E 



Pj{-£2m2)r{w + v/2 - 1/2 + itj)r{w + v/2 - 1/2 - itj){U,Uj) 

r(i/2 + itj)r{i/2 - itj) 

(11.8) 

and 

Pa{l/2 + tt, -l)a2,i(£2m2)7ri/2-*(£2m2)-^* 



47rr(l/2 - it)2C(l - 2it)r(l/2 + it) 



X r{w + v/2 - 1/2 + it)r{w + v/2 -1/2- it){U, Ea{*, 1/2 + it))dt. 

(11.9) 
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In this region D'{w,v,m2) satisfies the upper bound 

r-l I l„..l\l;l-l-fc/5>-l /I I I „.l\„,-l-i-/9_l-l-„ ■ 



For w + v/2 at least e away from the polar points, and in the vertical 
strip c<D\tw + v/2 < 2, for any c with 1/2 - B + e < c < 1/2 - k/2, 
D'{w,v,m2) is given by 

1 f'^+'°° D'(w,v,m2)e^'"'"^^du 

D{w,v,m2) 



27ri 72-ioo (« - w) 

1 r+^°° D'{w, V, m2)e("-"')'ciii 



E 



27ri 7c-ioo (m - w) 

,,o<.<V2-c-./2 r(l/2 + zt,-r)(l/2 + zi,-r-./2-H ' 

(11.11) 

In this same region it satisfies the upper bound 
D'(w, V, mj) « £'"-"/V<<'-"'"(«2m2)"=-'+''(log 

^ /I , l...l\r-1/1 , k.. , ..l\,.4-fc/9-1-l-„/9- l-^-^--^^/' 



Proof. Define a partially holomorphic Eisenstein series of even weight 
k on SL{2, Z) as follows: 

^-^ \cz \ dV^icz \ dr 
The Fourier expansion of E'^''\z, s) is: 

with 

c^>'){0,y,s)=y' + 



(,) , y'-Xi2s-l)2'-'^7rTil + k/2-s)Ti2s-l) 



C{2s)r{s)T{l- s)r{s + k/2) 

(11.13) 

and for m 7^ 
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Here the plus or minus sign is used according as m is positive or nega- 
tive. 

For reference, we record here the behavior of Wx^^{y) at large and 
small values of y > 0. As y ^ and fHe 7^ 0, 

(If SHe/i = the upper bound is y^^'^ \ logy\.) For y ^ 1, 

WxAy) « e-y^V- 

In analogy to the original P/j^y(z, s, 5), defined in fl2.2p . define the fol- 
lowing weight k Poincare series for SL{2, Z): For 5 > 0, F 3> 1, m' > 0, 
^Hcs > 1, set 

(11.15) 



7eroo\5L(2,: 



In analogy to X^^^^j/.v^l-^S we now define, for v real, f > 0, and 
for w with 9^ew + v/2 > 1 

'r\e 



P,,„,,y(z,w + t;/2;%'=/2/(4^)i?('=H^'2,(l + ^)/2)- ^ 



y JJsL(2,Z)\m ^^„^<^„<o 



X pf^(2,w; + t;/2 + A;/2, m, 1712, ^1, ^2, t)E^^\lz, (1 + t')/2) 



/2 



y^ 

(11.16) 



Here the first Poincare series Pi^rn2,Y{.z,w + v 12; 5) is the original series 
of fl2.2p . with w + v/2 in place of s and £2^2 in place of h, and is a sum 
over the group Vq{NqIi€). Although originally defined for "^izw + v /2 > 
1, the meromorphic continuation of the inner product is obtainable. 
The subtracted term is defined and convergent for "iPizw+v /2 + k/2 > 1, 
and consequently has no poles in this region. This second integration 
is over a fundamental domain for SL{2,Z), (although the V in the 
denominator is the original volume of the fundamental domain for F). 
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Write 

I{w, V, 1712, £i,£2, S, Y) = Io{w, V, m2, -^1, -^2, £, S, Y) 

- ^ dsx{'w,v,m',m2), (11-17) 

0<m'<i2m2 

where 

Io{w, V, m2, £i,£2, £, S, Y) = 

'Pe^mM*: ^ + 5),y^'^J{l^E^^\l*, (1 + v)/2)) (11.18) 



and 

^ a{{£2m2-£m')/h) 



1 
V 



5L(2,Z)\H 



X pI%, W + V/2 + k/2, -m', m2, £i, £2, £)^«(£^, (1 + v)/2)^^. 

y 

(11.19) 

First we will interpret both integrals as a Dirichlet series, take the 
difference, and then take the limit as first Y — )■ 00, and then 5 — ?> 0. 
Unfolding the two Poincare series, replacing m' by —m and performing 
the X integration we obtain 

I{W, V, m2, il,i2, i, S, Y) = (^^ £ ^ yW+k/2+v/2-l 

X J2 a{{e2m2 + im)/ii)e-^''y^^"'+^^'"''^ci''\mjy, {l + v)/2)—\ 

im>-e2m2 ^ / 

_i r y^+k/2+v/2-i y a((£2m2 + M/4)e"'""^'"*+''^"'^^ 

^ 0>em>-i2m2 



-dy 



X cW(m,£y, (l + 't;)/2)- 
?/ 

1 r y^+k/2+v/2-iy ^^^^^^^^ ^^y^^y-2.y(,^m+5t2m2) 

xc(''){m,iy,{l + v)/2)^. (11.20) 

y 
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For m > 1, f lll.l4p becomes 

cr flmn7r(''+^)/2|^|(i'-i)/2 

(1 + .0/2) ^ ,;f;)';;^,^[:^,);,) Hv.-„..(4.i,>.b). 

Also, by [14J, 7.621.3, 

1/ 

T{w + k/2 - l/2)T{w + k/2 - 1/2 + ^;)2— '=/2+i--/2 

= r(^ + ./2) + • 

Substituting these two facts into flll.20p we first take the hmit as 
F — )■ oo, obtaining 

hm I{w, V, m2, ii,i2, ^, Y) 
y— >oo 

^ ^-«;-fc/2+3/22-2«;-.-fe+2r(^ ^ _ i)/2)r(w + (A; - l)/2 + t;) 
~ VC(1 + v)T{{k + 1 + v)/2)T{w + ^;/2) 



m>l 



Then, taking the hmit as 5 — )■ 0, we define 

I{w, V, 1712, h, ^2, ^) = hm hm Z{w, v, 1712, h, ^, Y) 

G{w, v)D'{w, V, 1712) 

~ £v/2-l/2 ' 

where 



11.211 



G{w,v) 

_ 7r-^-fe/2+3/22-2«^-^-fc+2r(^ ^ _ i)/2)r(w + (A; - l)/2 + v) 
~ VC(1 + v)T{{k + 1 + v)/2)T{w + v/2) 

(11.22) 

This representation is vahd for $Hew + v/2 > 1. Our objective is to 
now use the representation of T{w, v, 1712, ii, £2, ^, Y) given in f lll.l7p 
to find a spectral decomposition of Xo{w,v,m2,£i,£2,i,S,Y). We will 
then take a limit again as F — )■ 00 and 5 — )■ in the region 9^e w + 
f/2 < 1/2 — k/2, connecting this region, in the process, to the region 
yicw + v/2 > 1. We will thus obtain a meromorphic continuation of 
I{w, V, 1712, ^1, ^2), and hence D'{w, v, m2), to ah w, v with D^e w+u/2 > 
1/2 — B, for a sufficiently large i? ^ 1, as was done in the case of 
D{s]h). Unfolding the Poincare series in (I11.19P 
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^ I w+k/2+v/2~l 



X 



-dy 



n' <l2m2 ^ 

(11.23) 



Substituting f lll.l4p into f ll 1.231) gives us, for m' > 1 

, , 1 a((£2m2 -£m')/£i)cr_am')7r(^+^)/2m'(^-i)/2 

ds,Y{w, V, m , m2 = r-— 

V + 'V)T{{1 + V - k)/2) 

X r y"'+'=/2+^/2-iW^_,/2_,/2(47r£m'y)e2-^(^™'-'^^^™^)^ 
Jy-i ' y 

_ 2-"'-"/^-fe/^+V3/2-^-fc/2 ^((£2^2 - im') /ii)a^,{m') 
~ VC(l + f)r((l + t;)/2- A;/2) (£^')»i;+(fc-i)/2 

X / y-+'=/2+-/2-i|^_^/2,-./2(2z/)e^(i-^^^'"2/"^')^. (11.24) 

The integral here is very similar to that studied in Section 3. It has 
been analyzed and its analytic continuation obtained, by Tom Hulse in 
[Hulse]. Using his notation, upon taking the hmit as F — )■ oo, we have 



lim 



Y2iTm' 



y-'+'^n+-/^-^W.u/2,.,,2{2y)ey^'-'''^^'''^'^'^ 

'y-l27rm' ' y 

= M2{w + k/2 + v/2, iv/2, 5i2m2/m), 

In [16] it is shown in Proposition 3.1 that for each 6 > the function 
M2{w + k/2 + v/2,iv/2,6i2'>TT'2/^') has analytic continuation to C, with 
at most polynomial growth in vertical strips in the variables w,v,6~^, 
except for simple poles at w + k/2 + v/2 = 1/2 ± v/2 — r, for r > 0. 
(Note that as in Proposition 13.11 there is no pole at w + v/2 = 1.) It 
is also shown that for Dltw + k/2 + v/2 < 1/2, the limit as 5 — )■ 
of M2{w + k/2 + v/2,iv/2,6i2m2/'m'), exists and that we have, for 
mcw + k/2 + v/2 < 1/2, 



M2iw + k/2 + v/2, iv/2) 
= lim Mo (w - 

2i-w-k/2^v/2Y(^yj + fc/2 - 1 /2)r(w; + k/2 + v- l/2)r(l - w - v/2) 



limM2(w + k/2 + v/2, iv/2, 5i2m2/\m\) 

5^0 



T{{l + k + v)/2)T{{l + k~v)/2) 
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With this notation, after taking the hmit as F — )■ oo and 5 — )■ we set 

d(w,v,m',m2)= Mm dsY(w,v,m' ,7112) 

y->oo 

2-w~v/2~k/2+1^3/2-w~k/2 



Vai + v)T{{l + v)/2-k/2) 

a((£2^2 — im')/ii)a-y{m' 



M2{w + k/2 + v/2,w/2) 



X 



(11.25) 



(^£jyil'^w+{k-l)/2£v/2-l/2 

R{w, v)F{w, V, m', 1712) 

~ £v/2-l/2 ' 

where 

4-"'-^/2-^/2+l7r3/2---fc/2r(^i; + (fc - l)/2) 

~ VC(1 + v)T{{l + v- A;)/2)r((l + v + k)/2) 

,n^ + ik-l)/2 + vni-.-v/2) 

T{{l-v + k)/2) ^ ' 

and 

F^.,v,,,m.,^ '^'^-l^^}l^-^\ (11.27) 

Turning to the case m' = 0, replace s by (1 + i;)/2 in f lll.lSp and 
write 

c(^)(0, y, (1 + v)/2) = + c(t;)y(i-'')/2^ (11.28) 

where 

C(^)2Wr(A:/2 + (l-.)/2)r(.) 
C(t^+l)r((l + t;)/2)r((l-.;)/2)r((A; + t; + l)/2) ^ ' ' 



Substituting the above into (111.231) gives 



X a((£2m2)/£i)e-2-J^(^^^™2)cW(0,£i/, (1 + v)/2)^. 

y 

Changing variables y y/i yields 

p-{w+k/2+v/2-l) riY 

dsA^. V, 0, m2) = / y^+'^/^+V^-i 

X a((4m2)/£i)e-2-s'(^^^™^)cW(0,i/,(l + t;)/2)^, 
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and then expanding c^''\0,y,{l + v)/2) and letting y — )■ y/27i5i2m2 
yields 



, , r(-+'=/2+-/2-i)a((£2m2)/£i: 



V 



1 p2nde2m2eY j 



^y^) / ..«;+fc/2-l/2 



^«;+fc/2-l/2g-j/; 



For £Hety + fc/2 + (t>±?;)/2 > 1/2, this is absolutely convergent as 
F — )■ cxD, and converges to 



ds{w,v, 0,1712) := lim t>, 0, 7712) = 

a((4m2)/£i) /^r(w; + A;/2 + - 1/2) ^ c(t;)r(M; + A;/2 - 1/2) 



y^w+k/2+v/2-l \^ (27r5£2m2)"'+'=/2+^-V2 (27r5£2m2)"'+'^/2-l/2 

(11.30) 

which has a continuation to all w, f G C with poles atw + A;/2 + (t'± 
v)/2 — l/2 = —r for r > 0. Furthermore, we note that for Dlcw + k/2 + 
{v ±v)/2 < 1/2, the limit of ds{w, v, 0, 1712) as 5 —t- is 0. 

Recalling f lll.l7p . the next step in the meromorphic continuation of 
I{w, V, H, ii, £2, ^), and hence also of D{w, v, 7712) will be achieved once 
the analytic continuation of 

loiw, V, m2, ii, 4, = lim loiw, f , m2, ii, 4, ^, 5, ^) (11.31) 



is obtained. To accomplish this, the same analysis as in Section [21 
applies, as we are using the same Poincare series (with i in place of £2) 
and only changing the automorphic function V to 



U = y'/'fie^z)Ei'\z,{l + v)/2) 



where Ef\z, (1 + v)/2) = E^^\£z, (1 + v)/2). The function U still 
vanishes at the cusps and is automorphic with respect to Vq{Ii([). The 
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resulting spectral expansion of the triple product is 

Io{w,v,m2,ii,i2,^,S,Y) = (P^2^2,y(*,w + t;/2;5),f/) 
= ^ (f/, Uj) {Pe^^^^ri*, w + v/2] 5), Uj) 

+ / {U,E,{*M2 + it)) 

X {Pi2m,A*^ w + v/2- 5), Ea{*, 1/2 + It)) dt 

(271^2^2 



XI Pj{-hm2)M{w + v/2, tj, 6) {U, Uj) 



V 

p,(l/2 + It, -£2m2)a2.j(£2m2)7rV2-* 



27rC(l - 2it)r(l/2 - it){l2m2Y 



xM{w + v/2,t,6){U, Ea{*, 1/2 + it))dt) . (11.32) 



As was the case with D{s;h), this spectral expansion has poles com- 
ing from the cuspidal contribution at w + v/2 = 1/2 + itj — r, with 
r > 0, and no poles originating in the continuous contribution. By the 
upper bound for M{w + v/2,t,6) given in (13. 2p this converges abso- 
lutely for any fixed 6. To determine the region of absolute convergence 
as 5 — )■ 0, we note first that by (13. 3p . (and Stirling's formula), when 6 
is small relative to tj 

M{w + v/2,t,S) (1 + |t,|)2^^(-+^/2)-2^ (^^^33) 



where the implied constant depends on w, v. The inner product {U, Uj) 
can be explicitly evaluated in this case as g is replaced by the Eisenstein 
series. For example, in the case li = I = Nq = 1, this simplifies to 

(fW= / u,{z)y'"f{z)E^^){z,{l + v)/2)'^-^ 

JSL(2,1.)\A y 

" V p,(mi)a(m2)e2"''"2"?/('=+")/2;^it^(27r|mi|?/)e2"''"^"^^ 

_ pj(-l)v/?L((l + v)/2, Uj /)r((^ + k)/2 + itj)T{{v + k)/2 - itj) 

(47r)(^+'=)/2r((l-F?; + fc)/2) 

(11.34) 

Here we have done a Rankin-Selberg unfolding, applied the identity 

x''~^e~''Ki,{x)dx 



n-,-xj^ v^2^r(p + z/)r(^-z/) 
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of [H] 6.621. 3 (with a = /3 = 1), and set 

m>l 

Replacing Uj{z) by E{z, 1/2 + it), we have in this special case 

{U,E{*,l/2 + it)) 

T{v/2 + k/2 + it)T{v/2 + k/2-it) 
~ 2^+'=-i7r^/2W2-i-itr(l/2 + it)C{l + 2tt)C{v + k) 

X L{v/2 + k/2 + it, f)L{v/2 + k/2 - it, /). (11.35) 

In the general case, substituting Ei{z, (1 + v)/2) for g in the triple 
product estimate of Proposition 14. 4[ we now have instead 

J2 pA-^){U,u,) « {hiY'-'^/'T'+'{\og{hiT)Y/^ (11.36) 

with a corresponding and improved estimate for the continuous part. 

Substituting (111.331) and (111.361) into (lll.32p . after applying Cauchy- 
Schwarz and making a dyadic subdivision of the interval [0,T] we see 
that the exponent of T will be bounded above by 2£R;e w + v/2 + k — 1 
and thus will be negative when ^icw + v/2 < 1/2 — k/2. It follows that 
for such w, V the spectral expansion (lll.32p will converge absolutely 
as (5 — )■ 0. The upper bound for D' claimed in the proposition follows 
from an examination of of the different components of X and the above 
discussion. 

The full analytic continuation of X{w, v, m2, h, ^2, ^) is then achieved 
just as in the previous case, by using the analysis of M2{w + v /2,t,5) 
in [16], together with Cauchy's theorem, to fill in the gap between the 
regions SHew + v < 1/2 — k/2 where the spectral side converges, and 
the region 9^ew + v/2 > 1, where the Dirichlet series converges. □ 

11.2. The analytic continuation of A4{s, w, v). Consider one of the 
expressions for Ai{s,w,v) in (I11.3P : 



Recall from Proposition 15.11 line (15. 7p . that for s a distance of at least 
e from the polar points and in the region c < £He s < 2, for any c with 

1/2 - A + e < c < 1/2 - k/2, (with 4, ^2<^L), 

D{s-m) < (1 + |s|)-^-'^+3/'log(L)Li-W/2-'=+^ 
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It follows that when ^Kcw > A + 3/2 + 6 — k/2 the expression above 
converges absolutely. Also, any poles it has must arise as poles of 
D{s;m) and be at points s = 1/2 + itj — r,r > 0. When Dies < 
1/2 — k/2 the spectral expansion for D{s; h) given in Proposition 15.11 
converges absolutely. Substituting this for D{s; h), replacing h by im, 
we can, because of the absolute convergence, interchange the order of 
summation, obtaining 

Mis,w,v) = ^^^, (7Wcusp + -Mcont), (11.38) 

with 



r(s - i - ttj)T{s - 1 + itj)pj{-l){V,Uj) 

C(25' + ^)r(i-^t,)r(i + ^t,) 

and 



_ 22'=-i7r^-V2r(l - s) 



(11.39) 



47rr(s + A; - 1) 



X 

a 



/oo 
Cais' + lt)Cais' - lt)Cais' + V + ^t)Ca(s' + V - tt) 



vc(i + ^t)C(i-2*t)C(2s' + t;)r(i-^t)2r(i + 2t)2 ' 

(11.40) 

where s' = s + w + k/2 — 1. Here the L-series Li{s',Uj) is the usual 
L-series with Euler factors corresponding to primes dividing i removed 
and 



. (11.41 



The function (a differs from ( at Euler factors of primes dividing iNo. 
Note that V{s',v) < for Dlts' > 1/2 and Dltv > 0. We have 

multiplied the numerator and denominator by + 2it) to normalize 
the Eisenstein series in the inner product. 

The expressions (lll.38l) - flll.40p allow us to obtain a meromorphic 
continuation of J\4{s,w,v) back to Dlcv > 0, as long as the real part 
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of w is sufficiently large and the real part of s is sufficiently negative. 
Specifically, consider the cuspidal piece. Suppose that Dlcv > and 
!He s' < Then by the functional equation, for tj ~ T 

L{s',Uj)L{s',Uj) <^i£2,^,s',„ 2"2-4s'_ 

Also, recall that we had 

|t,|~T 

Combining this with Stirling's formula, Cauchy-Schwarz and Weyl's 
law we see that the sum over j in fill. 391) converges when Die s < 
1/2 - k/2 and 

2 - 4s' + 2s - 2 + 1 + A; < 0. 

Ass' = s+w + k/2 — 1 this translates to the conditions SHe s < 1/2 — k/2 
and 

s k ^ , . 

w> + -. 11.42 

2 4 4 ^ ' 

If ^Het; > 0, and UKt s' > 1/2 then, as 

J2 |L(l/2,w,)|2«^T^ 

the condition for convergence is 2s — 2 + 1 + A; < 0, which translates to 
the conditions 9^es<l/2 — A;/2 and Vitw > 1. Finally, if 9icf > 0, 
and < s' < 1/2 the condition becomes again 

s k 5 
->-2-i + J- 

Collecting this information, we have shown that the sum over j in 
(111.391) converges when —k/2 < 9^es < 1/2 — k/2 and yitw > 1, and 
also when fHe s < -k/2 and w > -s/2 - k/A + 5/4. 

The meromorphic continuation of the continuous piece is a little more 
subtle as the zeta factors only converge when 9^es' > 1 and 9^ef > 0. 
To continue past this it is necessary to shift the line of integration to 
the right and then back to again, as was done for the corresponding 
integral in the continuous part of Zq{s,w). Specifically, suppose that 
Dies < 1, SHe s' > 1, Dlcv > 0. Set u = it, and move the line of 
integration to the right, past the poles at m = s' — 1, s' + f — 1. After 
moving the line, continue to 5^es' < 1, and then move the line back to 
Dlcu = 0. Dltu = -Dlt (1 — s' — f ) — e. Poles are passed over at the 
points u = 1 — s', u = l — s' — v, and at m = s — 1/2 + ri, u = 1/2 — s — r^ 
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for ri, r2 such that have real part of u hcs between 1 — $He {s' + v) and 
0. The contributions from the residues at these points are as follows: 

Res„=,._i = Ms, w)Ul + v)Ca{2s' - 1 + v)C{2s' - 1) 



Tjs + 1/2 - s')r{s - 3/2 + s'){V, E*{*, s' - 1/2)) 

Ca{S-2s')C{2s' + v)T{s'-l/2)^T{3/2-s')^ ' ^ ■ J 

Res„=,,+,_i = /2(s, «;)Ca(l - v)Ca(2s' - 1 + v)C(2s' + 2v-l) 



T{s + 1/2 - ,s' - r)r(,s - 3/2 + ,s' + r)(^'.E:{*. s' + r 1/2)) 

X 



where 



and 



Ca(3 - 2s' - 2v)C{2s' + v)r{s' + v- l/2)2r(3/2 - s' - vf ' 

(11.44) 

2^^--'7r''-^/^V(s',v,s' -l)T(l-s) 
fi{s,w) = 



f2{s,w) = 



r{s + k-l)V 

22fc-2^fc-i/2p(y^ t;, s' + - l)r(l - s) 



r(,s + A; - 1)V 

Remark 11.2. It's interesting to note that the specific dependence of 
the residues above on / and g is contained entirely in the L-series. This 
will later be used to simplify some calculations of leading terms. 

The residues above have potential polar lines at2s' + u = 2, s + 1/2 — 
s' ^ -r, s + l/2-s' -V ^ -r s-3/2 + s' ^ -r, s-3/2 + s' + v ^ -r, 
where r > 0. A line can not occur if it intersects the region D^ew > 1, 
1/2 - k/2 < ^Hes < 1, or the region Dlzs' > 1, ^Hes < 1/2 - k/2 as 
we know there are no poles in this region others than those at s = 
1/2 — r + it j. (In other words a closer examination must show that it 
is cancelled.) The line s — 3/2 + s' ~ —r does, in fact, do this, for any 
fixed r. This is because as s' = 3/2 — s — r, it must be the case that 
Dies' > 1 for all s with £Hes < 1/2 — r. This is similarly the case with 
s -3/2 + s' + v = -r. 

The line s + 1/2 — s' = — r is the same as the line w — r + 3/2 — A;/2, 
(as s' = s + w + k/2 — 1), and thus to stay out of the region 9le w > 1 
we require r < k/2 — 1/2. But any such line will intersect the region 
9^c {s + w + k/2) > 5/2, with ^Kew > 1, and there are no poles in that 
region, as the sum over Q of Zq{s,w) is absolutely convergent. The 
line s + 1/2 — s' — f = — r corresponds to the line w-\-v — r + 3/2 — k/2, 
and this has the possibility of occurring ifO<r<A;/2 — 1. However, 
this lies outside of the region in which the spectral expansion is valid. 

li f — g there will be a simple pole introduced by the inner product, 
which, up to a constant, is the completed Rankin- Selberg convolution 
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L*{s' -1/2, f (^g) and L*{s' + v -1/2J ® g). This will occur when 
s' = 1/2 and when s' + v = 1/2. Interestingly, this will be sometimes 
cancelled by a square of a gamma factor in the denominator, but not 
always. Thus there is another pair of potential polar lines at s' = 1/2 
and s' + v = 1/2. 

By the upper bound in Proposition 15.11 for s at least e away from 
the polar points and 1/2 — k/2 — e < 9^es < 2, ^icw > 1, the sum 
defining Ai{s,w,v) in f lll.37p converges absolutely. Finally, the sum 
converges absolutely in Dlts > l,Dltw > 1. Call the union of these 
connected regions -Ri. Thus 

Ri = {{s,w,v)\mtv > 0} n {{{s,w,v)\D\es > -k/2,y{tw > 1,}U 

{{s,w,v)\- A<^Rts < -k/2, D\tw> -fHe s/2 - k/A + 5/4}} . 

(11.45) 

In particular, in the part of -Ri corresponding to d\zs < 1/2 — k/2, 
yizs' > 1/2, Dltv > and at points at least e away from the poles, 
after applying Proposition 14.41 and Sterling it follows that J^{s,w,v) 
obeys the upper bound 

M{s,w,v) < (logL)i/2^-^'(l + Isl)^-^^-^ (11.46) 

Our goal is to now relate Ai{s,w,v) to an entire function on Ri by 
subtracting off the cuspidal polar contribution and then multiplying 
to clear the polar lines. Specifically, as mentioned above, the poles of 
Ai{s,w,v) arising from the cuspidal contribution occur in the same 
places as the poles of D{s] m), i.e at the points s = 1/2 + itj — r, for 
r > 0. Letting 

_r(2)(x/2 - r + itj,w,v) = ReSs=i/2-r+itj M{s,w,v) 
we compute 

— r + itj,w, v) 

_ 2'^^~^Tx^L{{k - l/)2 - r + itj + w, u-)L{{k -l)/2-r + itj +w + v,u]] 
~ r(A;- 1/2- r + itj) 

X R3Ty)a7^ (-^)^T( V2 - zt, + r)r(2.t, - r) 

^PA ^mv^Uj) r\V{l/2 + it,)V{l/2-it,) ■ ^ ^ 

Let 

s-{l 2-r + itj) ^ ' 

r<A,j ^ ' ■'' 

The absolutely convergent series ,w,v) now has poles and residues 
at those poles in the region Ri that are identical to the poles of 
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M{s,w,v)e^^^^~^^^^^^'^ . Thus the function 



has only potential polar lines arising from the continuous piece, namely 
at 2s' + v = 2 and at s' = 1/2. Thus 



is holomorphic in Ri. 

We will now reverse the roles of s and w in Ai{s,w,v) and perform 
a very similar analysis in the region R2, defined by 



Recall that in the region D\t s,w > 1 and D\tv > we had the 
expression for M.{s,w,v) given in flll.Sp : 



As for c < ^Rew + v/2 < 2 D'{w,v,m2) satisfies the upper bound of 
flll.l2p it follows that Ai{s,w,v) converges for Dies sufficiently large 
and c < Dltw + v/2 < 2. In particular, applying the upper bound 
f imoj) . it follows that for Dltw + v/2 < 1/2 - k/2, s' > 1/2, 
^cv > 0, 



M{s,w,v) < 





£L)i/2(i + 




(1 + 


|^|)«;+fc/2-l(l + 


^ _|_ 



(11.50) 



Substituting flll.7p in the above gives us 



M{s, w, v)e''^ - P^'^\s, w, v) 




i?2 = {{s,w,v)\'^tv > 0,^zs > l,Dlcw > -B 



:fKts + w + k/2 + v/2>?,/2} . (11.49) 





X 



r(l - w - v/2)V{w + v/2)V{{k + 1 + v)/2) 
V{w + {k-l)/2)T{w + {k-l)/2 + v) ^ 





V{{l-v + k)/2)V{(l + v-k)/2 ^ 



V{l-w -v/2)V{w + v/2) 



(£m')^+(*=-i)/2 



with S'cusp, 5'cont given by flll.Sp. flll.9p. 
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The sum over m2 can be brought inside, leading to 

M{S,W,V) = '=/2--/2^(.-l)/22/c^fc/2-l/2-./2 

T{{k + l + v)/2)T{w + v/2) 



X 



T{w + {k- l)/2)r(«; + {k- l)/2 + v) 
X r(l -w- v/2){Mi{s,w,v) + M2is,w,v)) 

_ nik~l)/2 A/2-s-k/2,l/2^^-k/2 r(l - W - v/2)T{w + v/2) 

' ' T{{l-v + k)/2)T{{l+v-k)/2 

E &(m2)a((£2^2 - im')/i)a_^{m') 
(^/)«;+(fe-i)/2(^2)^+'=-i ^ y ) 

0<fm'<<2™2 

where 

Mi{s,w,v) = ^Li^is' + v/2,giS)Uj)pj{-l){U,Uj) 
j 

T{w + v/2 - 1/2 + ttj)T{w + v/2 - 1/2 - tt,) 

T{l/2 + ttj)T{l/2-ttj) . I -3 J 

(recall s' = s + w + k/2 — 1) and 

/oo 
La/2 (s' + v/2 + it, g)La/^ (s' + v/2 - it, g)7r 

X + v/2 - 1/2 + U)r(y. + ./2 - 1/2 - U) 

47rC(l-2it)r(l/2-it)2r(l/2 + it) \ ' »v > / ^ ;/ 

(11.53) 

In the case of Aii the series L^.^{s' + v /2,g ® Uj) is defined by 



l/2-it 



Li,{s' + v/2,g®Uj) = 



s'+v/2 



m2>l ^2 

and equals the Rankin-Selberg convolution of g with Uj, up to the Euler 
factors corresponding to primes dividing £2- The series La/2 appearing 
in are the L-series associated to g up to Euler factors corresponding 
to primes dividing ^i^^iVo- For Rev > 0, D\ew + v/2 < 1/2 - k/2, and 
fHes + w + k/2 + v/2 > 3/2 the series and integral M.i,M.2 converge. 

The only possible poles of M.2{,s, w, v) are at '^tw+v/2 = 1/2— £', for 
some^' > 0. To eliminate this possibility write w+w/2 = 1/2— e— £'+^7, 
with e < (2c'log(|t| + 2))~^ for some small c'. It follows from (111.351) 
that if the line of integration is shifted slightly (writing u = it move it 
to M = — (c' log(|t| + 2))^-*^ + it), then a residue at m = — e — 27 will have 
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the form 



F{s,w)T{-2e + 2i-f 



C(l + 2e - 2z7)C(l - 2e + 2^7)1(1/2 + e - 27)r(l/2 - e + ^7) ' 

where F{s, w) is analytic in the region being considered. It follows that 
to have a pole we must have 7 = 0, and then as e — )■ the poles in the 
numerator and denominator cancel. 

The sum over m' and m2 can be transformed and has analytic con- 
tinuation to C as follows: 

Proposition 11.3. The Dirichlet series 
M3{s,w,v) 

T{l-w -v/2)T{w + v/2) 



X 



E 



m2>l 



T{{l-v + k)/2)T{{l + v-k)l2 



(m')"'+('=-i)/2(m2)"+'= 



-1 



is absolutely convergent for Die s > 1 and has the following meromor- 
phic continuation to C: 

M3{s,w,v) 

_ 22fe-i-^7r^(£i£2)^^~^^/'r(u; + v/2)T{l - w - y /2)£-^'+'"+^/^~''> 
~ r((l + v- k)/2)T{{l -v + k)/2)T{s)T{s + k- l)VC(2s' + v) 

X L{s', Uj)L{s' + V, Uj)T{s - 1/2 + itj)T{s - 1/2 - itj)pj{l) {uj, V) 



I 22A;-2^ 

C(2s' + v)Cil - 2it)r(l/2 - it)T{s)T{s + k - 1) 
X r(^+^+k/2-i)-^^^ _ + it)T{s - 1/2 - it) {E{*, 1/2 + it), V) dt. 

The only poles in the region R2, defined in (111.491) . are at w+v/2 = —r, 
r > 0. 

Proof. The inner sum over m2 is essentially an inner product of / and 
g with a standard Poincare series. In particular, if 

P{s,z,m')= Pm7z)^e2-*''"'^^ 
7eroo\r 

then 

m2>l 



k-1/2 r ^~'*Ca(g^ + tt)Ca{s' - lt)Us' + V + ^t)Ca{s' + V - tt) 
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The inner product can also be expressed in terms of a spectral expan- 
sion 

(P(s, *, m'), fgy'') = J2 (^(^' *' "^0, (u,-, fgy'') 

j 

1 

A simple computation shows that 



{P{s,*,m'),Uj) 



^y^-'p,iim')e-yKu^iy) dy 
(27r£m')"-i/2 ^ 



Pj(m')v^2i/2-T(s - 1/2 + itj)V{s - 1/2 - zt^ 



(27r£m')^-i/2r(s) 

and that 

{P{s,*,m'),Ea{*M2 + it)) 



_ 22-2^7r3/2-^-^*(£m')^/2-s-*tp^(i/2 + it,lm'^)V{s - 1/2 + it)r(s - 1/2 - zt) 
~ r(l/2 - it)C(l - 2it)V{s) ' 

Substituting these evaluations leads to 



(T_^,(m') ^ a{{£2'm2 - im') /£i)b{m2) 



j.rn'>l ^ ' m2>l ^ ' 

, ^ p,{£m')Y{s - 1/2 + 2t,)r(g - 1/2 - it,) {uj, fgy^) a^,{m') 



m'>l 



plus the corresponding continuous contribution. The cuspidal part may 
contribute simple poles at w + v/2 = —r, r > 0. (The factor r(l — w — 
v/2) does not contribute a pole as die w + v/2 < 1 in does not occur 
in i?2-) The poles of the continuous contribution to the m' > 1 piece 
are analyzed in an identical way to those of the continuous contribution 
in the region 9ie s < 1, and there are polar lines at the same locations, 
none of which lie in R2. Similarly, the poles of the cuspidal part at 
s = 1/2 + itj — r lie outside of R2. □ 

We have shown that the function 

(s'-l/2)(2s' + t;-2) (^Mis,w,v)e'^ -P^^\s,w,v))^ 

is holomorphic in the region Ri. We will now identify and remove the 
poles of J^{s,w,v) in the region R2. By the previous discussion, the 
expression for JH given in (111.511) converges absolutely in the part of R2 
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with ^Hew + f /2 < 1, when a distance of e from the polar points. There 
are no other poles in the rest of R2 as the series expansion converges 
absolutely there. Let k run over the poles of J^{s,w,v) in R2 and set 

R^^\s,K,v) = Res^=^ M{s,w,v). (11.54) 

Referring to flll.5ip - flll.53p and Proposition 111.31 we see that these 
poles are at the following points: 

• w + v/2 = 1/2 + itj - r (from A^i) 

• The points w + v/2 = — r, with B > r > 0. (From r{w + v/2)). 
Writing 

ej,r == R(iS^+v/2=l/2+it,-rM{s,W,v), 

we find that 

T{{k + 1 + v)/2)T{l/2 + itj - r)r(l/2 - itj + r) 



r(l/2 + itj - r - 'y/2)r(l/2 + itj - r + v/2) 



{-lYT{2itj - r)pj{-l) {U, Uj)Li^ {s + k/2 - 1/2 - r + itj, g ® Uj) 

X 



Let 



r\T{l/2 + itj)T{l/2-itj) 

(11.55) 



P(3)(,,^,,) = y^^!(w^, (11.56) 



where the k vary over the poles listed above. This series has poles 
and residues at poles in the region R2 that are identical to those of 
A^(s,w,f) and converges absolutely. Thus the function 

M{s,w,v)e'"^ - P^^\s,w,v) 

is holomorphic in R2. 
The function P(3)(s^ 

w, v) has no poles in Ri and the function P^^^ (s, w, f ) 
has no poles in R2. Thus 

{s' - l/2){2s' + v -2) 
X (^M{s,w,v)e''+'"' - P^''\s,w,v)e'"' - P^'^\s,w,v)e''y (11.57) 

It follows that the difference in (111.571) is holomorphic in Pi U P2- As 
A, P — 00 the convex hull of Pi U P2 includes all of such that 
yitv > 0. Applying the theorem of Bochner, [?], we have completed 
the proof of the meromorphic continuation of Ai{s, w, v). Summarizing 
the above, we have proved 
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Proposition 11.4. The multiple Dirichlet series 

converges absolutely when "tUKzs^w > l,yiev > and has a meromor- 
phic continuation to the region {{s,w,v)\y{zv > 0}. It is analytic in 
this region, except (possibly) for the following simple polar planes: 

• s = 1/2 ±itj — r for r > 0, 

• w + v/2 = 1/2 ± itj — r for r >0, 

• w + v/2 = —r, for r >0, 

• s' ^ 1/2 

• 2s' + v^2 

The residues of A4{s,w,v) at s — 1/2 ± itj — r and at w — 1/2 — 
v/2±itj — r are given by 

ReSs=i/2-r+itjM(s,w,v) = -^^j—^j^^^::f-^Vi(k-l)/2-r+itj+w,v) 

22fc-i^fc2.((A; - l)/2 - r + itj + w, u])L{{k - l)/2 - r + itj + w + v, u]) 
^ C(A; - 1 - 2r + 2itj + 2w + v)r{k - 1/2 - r + itj) 

-(-l)T(l/2-/f,. + r)r(2/f,-r) 



x^(-i))(^..) - ;,r(v;+..^r(i/2-^;,) • ^''-''^ 



ReS^=l/2+it^_r._„/2 M{s, w, v) 

^ £(fc-l)/2^1/2-s-it3+r-fe/2^(^_l)/22fc^fc/2-l/2-!;/2 

r{{k + 1 + v)/2)r(l/2 + itj - r)r(l/2 - itj + r) 
T{k/2 + 1/2 + itj - r - i;/2)r(A;/2 + 1/2 + itj - r + v/2) 

{-l)'T{2itj - r)pj{-l){U,Uj)Lg^{s + k/2 - 1/2 - r + itj,g^ Uj) 

r!r(i/2 + ^t,)r(i/2-^t,) ■ 

(11.59) 

When^zv > 0, -1/2 -k/2 < D\t s < 1/2 -k/2 and^tw > 1, and 
also when ^Rtv >0,^cs< -1/2 - k/2 and w > -s/2 - k/A + 5/4, 
A4{s,w,v) is represented by 

(iii2)^''-^y^ 
M(s, w, v) = ^,+^+k/2-i (•^^"^f + •^™"*) ' 
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with 



L(s',v-)L(s' + v,v-)V(s',v)r(s-^-itj)r{s-l + itj)pj{-l){V,Uj) 

C(2«' + ^;)r(|-%)r(i + it,) 

and 

C„(g^ + v- it)V{s\ V, it)T{s - \ - it)T{s - \ + it){V, E*{*, I + it)) ^^ 
^ VC*(l + 2it)C(l-2it)C(2s' + v)7r^T(i -it)2r(| + it) 

(11.61) 

Whenmtv > 0, 9les > 1, mtw + v/2 < l/2-k/2, andyits + w + 
k/2 + v/2 > 3/2, A4{s,w,v) is represented by 

M(S,W,V) = (^^f-l)/^^-— fe/2-/2^(.-l)/22fe^fc/2-l/2-./2 

r((/,- + l + r)/2)r(»- + r/2) 
r{w + {k-l) /2)r{w + {k-l)/2 + v) 
xr(l -w- v/2){Mi{s, w, v) + M2{s, w, v))) 

- M3{s,w,v), 

where 

Mi{s,w,v) ^'^Li^{s + w + k/2 - l + v/2,gi^Uj)pj{-l){U,Uj) 
j 

r(w + v/2 - 1/2 + itj)T{w + V/2-1/2- itj) 



r{i/2 + zt,)r{i/2- it,) 



/oc 
La,i, is' + v/2 + It, g)La,e, (s' + v/2 - it, g)7i'/^-'' 

r(ir + r/2 1/2 + /f)r(,r + r/2 1/2 - tt) ,^ 
^ A^a^-2it)V{l/2-itfV{l/2 + it) + 
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and 



M3{s,w,v) 

_ 22'=-i--7r'^(£i£2)(^'"')/'r(«; + v/2)T{l -w- T;/2)r(^+"'+'=/2-i) 
~ r((l + v- fc)/2)r((l -v + k)/2)T{s)V{s + k- l)VC(2s' + v) 

x'^L{s',Uj)L{s' + v,Uj)T{s- 1/2 + itj)T{s- 1/2- itj)pj{l) {uj,V) 

.^2k-2 k-Xl2 r ^-'XaW + it)Ca{s' - it)Ca{s' + V + it)Ca{s' + V - it) 

y_oo C(2s' + ^;)C(i - 2it)r{i/2 - it)r{s)r{s + k-i) 

X r^s+w+k/2-i)^(^^ - 1/2 + it)r{s - 1/2 - it) {E{*, 1/2 + it), V) dt. 

For points at least e away from the poles, the following polynomial 
upper bounds are satisfied: when Dies < 1/2 — k/2, fHcs' > 1/2, O^ew > 

M{s,w,v) < {\ogLY'H-''{l+\s\f-'''-\ 
and when ^zw + v/2 < 1/2 -k/2, 9^es' > 1/2, ^zv > 0, 



M{s,w,v) -C 



£(^;-fc)/2_^-s'-^,/2+0(log 


£L)i/2(i + 


|^|)fc/2 


(1 + 


|w|)"'+'=/2-l(l + 


^ _|_ ^^?i!+fc/2-l+«; 



12. Averaging mean values of L- series over Q 

12.1. A mean value estimate for a single Q. For x ^ 1 and any 

n > let 



/■ f ^{s + k/2)V{s + w)T{w)^,^^_^ 



^"^^""^ \27n) i(2+fc/2) i(l+n) T{s + w + k/2) 

X ZQ{s + l-n,w + {l-k)/2)dsdw (12.1) 

Proposition 12.1. Then 



1712, hQ>l 



X J (4mi)V2(£2rn2)^/2 

(12.2) 
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Proof. Recalling the definition of Zq{s,w) in (17. 4p . write 

(fc-l)/2 



ZQ{s+l,w+{i-k)/2)= Yl 



A{m,)B{m,) (l + |g 



E 



{i2m2y+^{hoQy 

■ ■ -z -u — ~ 



1 1 ~ 2 '"^ 2 "I" Q 



^( RJ (£imi)V2(£2m2)V2(£2m2)^+«(/ioQ)"'-^ 



i2=0 ^ '^2:^0> 

^ 1 1 ~^2 "^2 "I" '^O '3 



;i2.3) 



Let Iqin) denote the left hand side of (112.11) above. Substituting 
(112. 3p and interchanging the sum over R and the integrals gives 

^k/2\ f lY f f Tis + k/ms+wnw) 

Jb 



R=0 

X ^ ^ 



R J \2mJ J(2+k/2)J{2+n) V{s + w + k/2) 
X J (£imi)i/2(£2m2)i/2(£2m2)^+^(/ioQ)' 



El ^2y»2 V v4(mi)E(m2) 
I / l'/',rr7,^l/2r/'„rr7„^l/2r/'„rr7„^«+^fY/7„n^"'--R 



Changing variables s— )-s — i?, w^w + i? and moving the lines of 
integration we obtain 

'k/2\ f I Y f f T{s + k/2 - R)T{s + w)T{w + R) ^s+n. 



R=0 

n 



R J \2-KiJ 7(2)7(2+n) V{s + w + k/2) 

A 

X J (£imi)i/2(£2m2)i/2(4m2)^(/ioQ)' 



Ef ^2^2 A " A(mi)E(m2) 
V a; (£imi)i/2(£2m2)i/2(4mr 



(12.4) 

The sum over R can be simplified as described in the following 
Lemma 12.2. 

k /2 
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Proof. Substituting the integral expressions for the gamma factors in- 
side the summation, the right hand side above equals 



X2 e 



r{s + w + k/2) \ R J Jo Jo Xi X2 



Setting X2 = X1X3 and summing over R inside the integrals we obtain 

T{s + w + k/2)jQ Jo ^ ^ ^ xi X3' 

The integration over xi yields r{s + w + k/2), canceling the correspond- 
ing term in the denominator, leaving 

f°° rlr 

V{s + w) / (l+x3)-^-"x^ — . 
Jo x^ 

Substituting the integral expressions for r(s + w) we have 

Jo Jo X3 X4 

and the lemma follows after writing x^ = X5(l+X3) and integrating. □ 

Applying Lemma [12.21 to (112. 4p we obtain 
lQ{n) = 1^-^) ! ! T(s)T{w)x'+^ 

Upon interchanging the sum and the integrals and then integrating, 
the proposition follows. □ 

The following proposition shows how the analytic properties of ^q(s, w) 
can be used to understand the sum on the right hand side of (112.11) . 

Proposition 12.3. For a; ^ 1 and > 



(2) J (2) 

" A{vrL\)B(m2] 
X ) {hmxyi\i2m2Yl\hm2Y{hoQY 



1 1 ~ ^ 2 '"^ 2 "I" ^ 



c(/) logx + c'(/) ifn = and f = g 
ZQ(l-fc/2,l/2) zfn = andf^g 
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The constants are c{f) = cij + caj, c'(/) = C2j + c^j, 

CijlogX + C2J 

C3,/logx+C4,/ = Res^=k/2T{w-k/2)x'"-''/^ZQ{l-k/2,w+{l-k)/2) 

(12.5) 

Remark 12.4. Note that the main term vanishes if n 7^ 0. (Though 
there is a second order main term.) When n = the The key question 
left unresolved is the order of magnitude of Zq{1 — k/2, 1/2) if f ^ g, 
and of Zq{s,w) near this point ii f = g. This point is in the analog, 
in this two dimensional case, of the center of the critical strip. We will 
show later that the value is constant on average as Q varies. 

Proof. Move the line of the s integral to s+l—n = —l/2 — k/2+e. In 
the process, simple poles are encountered at s + l — n = 1/2 — r + it j, for 
< r < k/2, and also at s = —k/2, —k/2 — 1. The pole at s = —k/2 is 
only encountered if n = 0, 1, that at —k/2 — 1 only at = 0. Recalling 
Proposition 17. Ij the residue at s + 1 — n = 1/2 — r + it j is 

1 r r{n-l/2-r + itj + k/2)r{n- 1/2- r + itj + w)r{w) 
2vri 7(2+fe/2) r(n - 1/2 - r + itj + w + k/2) 

X x'"-'/^-'^''^iiii2Y''-'^^^CrjLQ{w - r + itj,u-; 0))dw 



where 

Lq{s',u-;0) = Q-''L{s',u-) n (W^-W^P^''] 

p-'WQ 

Move the w line of this residual integral to $Ke w = r. In the case n = 
a pole is passed over at w = 1/2 + r — it j with residue 

r(-l/2 - r + zt, + A:/2)r(l/2 + r - .t,) (U2ir-())) 

Referring to f l7.32p , f l7.33p , we see that the sum over tj of these residues 
is 

O {Q'-'/^) . (12.6) 
The same reference shows that the moved integral contributes at most 

O {LQ'x-'^^) . (12.7) 
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The residual integral at s = —k/2, when n = 0, 1, is 
— / r(^- A;/2)x™-"-^/2 

27r« J{2+k/2) 

X Zq{1 -k/2-n,w + {l- k)/2)dw 

(12.8) 

The residual integral ats = — A;/2 — 1, when n = 0, is 

2vr^ J(2+k/2) T{w-1) 

X ZQ{-k/2, w + {l- k)/2)dw 

(12.9) 

If n = 1, move the line of integration in f ll2.8p to y{zw = 1/2 + k/2. 
A simple pole is passed over at w = 1 + k/2, {if f = g), and referring 
to the bound fl7.3ip we see that the expression (112. 8p is 

Sf,g Res^=3/2 ZQ{-k/2, w) + {Q'-'/^ \og{L)x~'/'') . (12.10) 

If n = 0, move the line of integration in (112. 9p to fHew = l/2 + A;/2. 
A pole is passed over at w = 1 + k/2 because of the contribution of 
T{w — k/2 — 1), but it is now a double pole ii f = g. As a result a 
factor of logx, is introduced in that case, yielding the following bound 

for a^nrn -. 

cij logx + C2J + O \og{L)x-^/^) . (12.11) 

where 

Cij log X + C2J 

= - Res^=i+./2 ^^^'y^~^,^^^^^ a;-^/^-^Zg(-A;/2, ^+(l-A:)/2) 

(12.12) 

and cij = if / 7^ 

If n = 0, move the line of integration in (112. 8p to 9^ew = k/2 — 1/2. 
In the process a pole is passed over at w = k/2, and this becomes 
a double pole if f = g. The residue at this pole is the special value 
Zq{1 - k/2, 1/2), a f ^g, and we set 

C3,/logx+C4,/ = Res^=k/2T{w-k/2)x'"-'''^ZQ{l-k/2,w+{l-k)/2) 

(12.13) 

if f = g. The shifted integral contributes the same error term as above. 
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As Zq{s, w) has at most polynomial growth in Q, s and w away from 
poles, it follows that the moved integral above, and the final double 
moved integral are on the order of for positive constants A,C 

which we need not estimate at this time. This completes the proof of 
the proposition. □ 

Recall that we have shown 



+ E ^ - 1/2; F,, G,) + Zq/,{1 - k/2, 1/2; G,, F,)) 



S{Q) = Lq{1J 

+ 0{Q'-^/^) (12.14) 

when f ^ g and 

s{Q) = CfiQ) + 2 + o (g^-v2) 

d\Q 

when f = g. We will now begin to average over Q, beginning with the 
case f g. 

12.2. The case f g. Fix e > and X,?/ > 1, with y < X^"', and 
consider 

S{X,y) = ^5(Q)e-^'('°sW«»'/(^'^). 

Q>1 

Applying the identity 

y^-vHiogxr/iAn) = /" e'''''/^'X''dv, (12.15) 

J {2) 

to (112. 14p . we obtain 

S{X, y) = Si(X, y) + 52(X, y) + S,{X,y) + O 

\ y 

where 

7(2) y Q" 



S2{X,y) 



e-V.^X- EdiQ ^ZQ/dil - k/2, 1/2; F,, G,) 
/ 7^ dv, 

(2) y 

(12.17) 
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and 

The simplest of these is Si{X^y). The sum over Q in fll2.16p can be 
analyzed as follows. 



E 



LQ{lJ®g) 



Q>1 

- id. / « 9) E n f E 1(1- p-T' (1 - P-') 

Q>lp\Q \7>0 ^ 

CWC(2)L(l,/«.) 



L(l+i.,/)L(l + i. 

where E{v, f,g) is analytic for Dltv > —1. 
Substituting in (112. 16p gives 

_ ^ C(^0C(2)L(l./«g) 

7,2, !/ i(l + «./)L(l + t.,9) • 

The integral is estimated as 0{X'^) by changing variables v — yt' and 
applying stationary phase to save a power of y^^"^ from the ratio of 
gamma factors relating ({yv) to ({1 — t/f ). Thus 

S,^X,y) ^ 2.5:^™^E(0./.,) + am. (12,8) 

Moving to 5*2 (X, y), replace the Q by Q'd in (112. 17p and interchange 
the sums. This leads to 



S2{X,y) 

^nvyy^X" ^ u(d) Zo'il- k/2,l/2;Fd,Gd) , 
, , '/ ' ' ' dv, 12.19 



—I 



Let 

'(2) y 



I{X,y)=I{X,y;h,i2,i) = -t / z M{1 - k/2,l/2,v)dv. 

(12.20) 
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Thus S2{X, y) is a sum of /(X, y) over various values of the parameters 

There is one subtle point here. The following analysis will all be done 
for a fixed set of these parameters. We will do this by breaking the 
sum into several pieces and analyzing these separately. We will have 
to be certain that for each of these pieces the sum in (112.191) converges 
absolutely. Fortunately the sum over d is easily understandable and 
will converge absolutely for d\tv > for the following reason. Using 
the Hecke relations, one sees that for fixed d, 

F,{z) = J2 ^(^i)/^(^2)/(r2^). 

d=rir2 

Thus the inner product < FdGdy^^Uj > breaks up into a linear combi- 
nation of terms involving f{rzz)g{riz) for all rs, r^\d. Each correspond- 
ing inner product is bounded above by d^'^+^Z^. For each d there will 
be an extra factor of d introduced from the multiplicity of Uj of level d 
in a unit interval, but the —k in the exponent dominates. 

The function M.{1 — fc/2, 1/2, v) has one pole in v at the point s' + 
v/2 = 1, i.e atv = l, as s' = (1 - A;/2) + (1/2) + A;/2- 1 = 1/2. Moving 
the line of integration to IHc v = e, we pass over this pole, obtaining 

I(X,y) = Res^=iA^(l - k/2,l/2,v) 

y 

-i / M{l-k/2,l/2,v)dv. (12.21) 

J{e) y 

To analyze the shifted integral, we will relate A4{1 — k/2, 1/2, v) to 
an integral around a boundary as follows. Note first that most of the 
residues contained in our contour will be from the cuspidal part, with 
remaining poles ai w = —r — v/2, 1/2 — k/2, 1/2 — k/2 — v, where 
w = 3/2 — k/2 — s. We thus write 

Vis) = {s-l){s-l-v) Yl is-3/2 + k/2-r-v/2) 

0<r<fc/2 

and set 

M{s,w,v) = V{s)M{s,w,v). 

The poles of Ai{s,w,v) are contributed entirely by the cuspidal part, 
and we obtain 
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^ M{s, 3/2 - k/2 - s. t,)e(*-i+'=/2)2 

+ 2^ Rcs,=v2-.+.*, s-l + k/2 

j,0<r<k/2 ' 

^ ^ M{s. 3/2 - A-/2 - ,s. cy:^^^-'+^/^ 

+ 2^ KeS3/2-fc/2-s=l/2-r+rt,-^;/2 ^ _ 1 + 

j,0<r<k/2 ' 

f M{s, 3/2 - A:/2 - g, t;)e(^-i+fe/2)^ 

27ri J{i/2-k/2-d) s-l + k/2 

Thus 

-i / A^(l - A;/2,l/2,u)rfv 

= 7i(X, y) - 72(^, y) - h{X, y) - h{X, y), (12.22) 

where 
h{X,y) 

_ _. r e^^'^^/y'X'' 1 r M{s,3/2~ k/2- s,v)e^'-^+^/^^' 
~ 4 y 2^ Jn+s) V{l-k/2){s-l + k/2) ' 

(12.23) 



>{X,y)^-i f 



ie) y 

M{ s, 3/2 - k/2 - s, t;)e(^-i+fe /2)' 
P(l-A;/2)(s-l + A;/2) 



j,0<r-<fe/2 

(12.24) 



,(X,|/) = -z / 



ie) y 

M{s, 3/2 - k/2 - ?,)e(-^-i+fc/2)' 
:P(1 -A;/2)(s- l + A;/2) 



X 2^ ReS3/2-fc/2-3=l/2-.+«t,-./2 -pn -i./9V«-1^i./9^ "^""^ 



j,0<r<k/2 

(12.25) 
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and 

f e^'^'/y'X'' 1 f M(s,3/2-k/2-s,v)e^'-^+^/'^^\ , 
= —i / , , , , --r^ dsdv, 

Jie) y '^^dil/2-k/2-S) V{l-k/2){s-l + k/2) 

(12.26) 

We will now estimate these four integrals from above, starting with 
the residual contributions. Referring to the evaluations in Proposi- 
tion 111.41 and specializing the variables gives us 

Res,=i/2-r+it, M{s, 3/2 - k/2 - s,v) = 



C{1 +v)T{k- 1/2- r + itj 
-l)T(l/2 - ttj + r)T{2itj - r) 



ReS3/2-k/2-s=l/2~r+it,-v/2M{s,3/2 - k/2 - s,v) 

T{{k + 1 + t;)/2)r(l/2 + itj - r)r(l/2 - itj + r) 
~ r(l/2 + itj - r - t;/2)r(l/2 + itj - r + v/2) 

(-l)-r(2^t, - r)p,(-l)(^, u,)L,,il/2 + v/2, g u,) 

r\T{l/2 + itj)T{l/2-itj) • I • J 

To estimate l2{X, y) we will use the following 

Lemma 12.5. Let f be a function of v, analytic for < 9^Cf < 3, 
such that f{it) ^ (1 + \t\y fort real. Then 

L(l/2 + i7 + u])e''''''ly' f{v)X'"dv 

(2) 

Proof. We will integrate by parts. Set 
and 

L{l/2 + 1-1 + v', u])f{v')X'''dv' 



J(2) y 



y 



F2{v) -- 
Then 

/•2+ioo /•2+ioo 

I{y)= / F,{v)dF2iv)dv = F,{v)F2iv)\lt!/^- F2{v)F[{v)dv. 

J2—ioo J2—ioo 
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The boundary term vanishes as t^^'^l^^ decays exponentially in the 
imaginary part of v. Moving the line of integration to 9^ef = and 
differentiating Fx we now have 



2vF2(v)e^''^/y^dv 



y2 



As V = it and f{it) <^ it follows that 

fitt)X^' « \t\\ 

Then, by Cauchy-Schwarz, 
\F2itT)\ < (^ + 1^1^' r \L{l/2 + i^ + it,u])\dt 



y Jo 



rpl/2+e / rT \ 1/2 

fy \L{l/2 + i'y + it,u-)\'^dt\ 



The weak Lindelof on average result 

T 

|L(l/2 + Z7 + tt,u])\'dt « (T(l + |7|)(l + |t,|))^+^ 



is easily obtainable by an application of Montgomery's mean value theo- 
rem for Dirichlet polynomials (after replacing the L-series by a Dirichlet 
polynomial of length approximately 1^(7 + T + tj)(7 + T — tj)) . 
It follows from this that 

m « (1 + i7i)^/^^^(i + itAY^'^' / — dt 

J —00 y 

« 1/^(1 + |7|)^/'+^(l + |t,|)^/'+^ 

□ 

Substituting IHJ^^ into f fTLHHll leads to 



(<) V 



j,0<r<k/2 



V{l/2 -r + %)2^^-V^L(l/2, M-)L(l/2 + v,u-)pj{-l)){V,Uj) 
V{1 - k/2)C{l + v)T{k - 1/2 - r + %) 

^ (-l)T(l/2 - ztj + r)V{2itj - r) e^k/ 2-1 /2-r +it,f 

^ r\V{l/2 + itj)V{l/2-itj) k/2- 1/2 -r + itj ^' 
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By the lemma 

The sum over tj converges super exponentially, and so 

(12.30) 

Turning to 012.251) . and substituting fll2.28p . leads to 



X 



h{X,y) = t [ 



(e) y 

V{1 -k/2 + r- itj)r{{k + 1 + t;)/2)r(l/2 + itj - r)r(l/2 - itj + r) 
^. P(l/2 - A;/2)r(l/2 + tt, - r - t;/2)r(l/2 + zt, - r + v/2) 



J-lYT{2zt^-r)p^{-l){U,u,)L,,{l/2 + v/2,-9^u,) e^^-^h^^l^)' 

r!r(l/2 + ?tj)r(l/2-%) r-itj^vl2 ' 

Recall from ( 1TT:36D that 

^ p,(-l)(f/,«,) « £(^-'=)/2(log(l + ^))i/^ (12.31) 

The super exponential decay of e(^~**j+'"/^)^ effectively restricts v to 
\vj2 — itj\ -C 1 and by Stirling's formula, the resulting gamma factors 
decay on the order of e~^'^/^^'*^ |. Thus after shifting the integral to 
9^ef = 0, we see that 

h{X,y) «y-i+^£V2-/c/2_^i^g^^^^))i/2 (^2.32) 

To estimate /i(X, y\ note that on the line 5^e s = 1 + 5, the function 
A^(s,3/2-A;/2-s,t;)has^Hew = (3/2-A;/2-s) = l/2-A;/2-5. We 
would like to use the spectral expansion valid in the region £He s > 1, 
^tw < 1/2 - k/2 and 9^es + w; + k/2 + v/2 > 3/2. To do this we 
choose any 6 > 0. However, the point (1 + 5, 1/2 — k/2 — 6) is right 
on the boundary, satisfying s + w + k/2 = 3/2. We will there do our 
estimation in the region s = 1 + 6 + ei, Dltw = 1/2 — k/2 — 5 — 62, 
for ei, £2, e > satisfying €2/61 = 1 — e. This point lies in the region of 
convergence, and the line connecting it with (1 + 5, 1/2 — k/2 — 6) hits 
the other region of convergence, where Dies < 1/2 — k/2, because the 
slope of the line will have absolute value less than 1 but greater than 
1/2. As a result, by convexity, the upper bound at the desired point 
will be within epsilon of the upper bound we derive. 

In this region, the function A^(s,3/2 — k/2 — s,v) breaks up into 
three pieces. Therefore we write 
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fj{k-l)/2 ^i-s-w-k/2~v/2^k-l-v^k/2-l/2-v/2 



X (Ji,i(X,|/) + /i,2(X,|/))-/i,3(X,y), (12.33) 

where for i = 1 , 2 



(,) yV{l/2 - k/2) 



1 r e("-^+^/2)^ T{{k + l + v)/2)T{w + v/2) 

^ 2^% J(i+s+e) s-l + k/2 T{w + {k- l)/2)T{w + {k - l)/2 + v) 

xr{l -w -v/2)M^{s,w,v)dsdv (12.34) 

and for 2 = 3, 

„2 /„2 



1 /• g(s-l+fe/2)2 

1 I ; ,^ M3is,w,v)dsdv. (12.35) 

27rz J(i+5+e) s-l + k/2 

The A^i(s,w,f) are defined in Proposition 111.41 Substituting for A^i 
gives 

„2 /„2 



(,) yVil/2 - k/2) 



^(,_l+fc/2)2 

27rz J(i+s+e) s-l + k/2 T{1 - s + e)T{l - s + e + v) 



1 f e(^-i+'=/2r r((A; + l+t;)/2)r(3/2-A;/2-s + e + t;/2) 

X ■ 



r(l -k/2-s + v/2 + e + iL-)r(l - k/2 - s + v/2 + e - it/) , , 
X ^ — — : — ) — : ^ —dsdv 



r(s + A;/2 - 1/2 - v/2 - e) ^ L^^ (1/2 + e + v/2, g ® Uj)pj{-1) {U, Uj) 

j 

/2 + e + itj)T{l-k/2- 

rW2+^WT72^ 

(12.36) 

The sum over j converges absolutely in this range. The super ex- 
ponential decay in s effectively restricts the range of s integration to 
s <^ 1 and the ratio of gamma factors decays exponentially in the 
imaginary part of v. Recalling the estimate in (112. 3ip we get 

/i,i(X,|/)«X^ (12.37) 

Similarly, Ii^2{X,y) < X^ 



/l,3(X,y)=Z [ 
J(e' 
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We now substitute for A^s in (112. 35p as follows. 

yV{l/2-k/2) 

X — / rr- 

2m J(^i+s+e) s-l + k/2 

22fc-i-^^fc(£^£^){fc-i)/2r(3/2 -k/2-s + e + v/2)r{s + k/2-l/2-e- v/2) 
£«'r((l + v- k)/2)T{{l -v + A;)/2)VC(1 + 2e + v) 
' L{l/2 + e,Uj)L{l/2 + e + v,u^) 



r(s)r(s + k-r 



X T{s - 1/2 + itj)T{s - 1/2 - itj) ]dsdv. (12.38) 



By Stirling's formula 
r(3/2 -k/2-s + e + v/2)T{s + k/2-l/2-e -v/2) 



r((l + t;-A;)/2)r((l-t; + A;)/2) 

both with a polynomial dependence on s. The line of integration can 
be pulled back to £Hcf = 0, and it is known that 

C(l + ^t)-'<(l + |t|)^ 

As the sum over tj converges absolutely, and the decay in the imaginary 
part of s is super exponential, it follows from Lemma [12.51 that 

h,siX,y)<^y^r'/\ 
12.3. The case f = g. Recall that when f = g, 

S{Q) = Res,=o Lq{s + 1, / ® f)T{s){x/2y 
^2 J2 /^(^) Res^=o r(^;)x"ZQ(l - k/2, w + 1/2; F,, F,)) ^ ^ 

d\Q 

(12.39) 

In this case, for any x > 1, 

5(X, y) = S,{X, y) + 252(X, y) + O 

\ y 

where 

^..y,^^. Res,=o Lq(3 + 1, / /)r(.)(x/2)- ^ 
5i(X, y) = 2, rf^ 

(12.40) 
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and 



(2) y 

^ EdiQ ^ Res^=o T{w)x^ZQ/d(l - w + 1/2; F,, F,) 
X > dv. 



Q>1 

(12.41) 



As before, the simplest of the two is S\{X^y). The sum over Q in 
(112. 40p can be analyzed just as in the case f ^ g, the only difference 
being that there will be a main term which is a multiple of log x, owing 
to the presence of a double pole at s = 0. The result is 



Q>1 ^ 



C(t;)L(l,/, lA^Np^ / 

-T^(^^, /, /) logX + C(^^)^l(^^, /, /), 



L{l + vJ)L{l + v,g)' 



where E{y^ f, /), Ei{v, /, /) are analytic for yicv > —1. 
Substituting in (112. 40p gives 



L(l f V^k'^/^^X 

7(2) y ^(l + ^^,/)^(l + w,£/) 
Lfl f V^k'^/^^X 



As before, the integral was estimated as (9(X'^) by changing variables 
V ^ yv and applying stationary phase to save a power of y^^"^ from the 
ratio of gamma factors relating ({yv) to C(l — yv). 
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Turning to 5*2 (X,?/), 



S2{X,y)^-i I 
J a 



V- ^d\Q ^ 1^68^=0 r{w)x^ZQ/a{l - k/2, w + 1/2; F,, G^) ^ 
x^L^ TVv dv 



Q>1 



(2) y 

J{2) y 

V- M Res^=o r(w)x"'ZQ.(l - k/2, w + 1/2; Fg, Gg) ^ 

d>l Q'>\ ' 



2 



J (2 



'(2) 



X ^ ^ Res^=o r(w)x"M(l - A;/2, w + 1/2, v; Fg, Gd)dv. (12.43) 



Now move the v line of integration to 9le = e. The shifted integral is 
estimated in an identical way to the case / 7^ g' and is 0{X'^). A pole 
of M(l — k/2,w + l/2,v; Fg, Gg) is passed over at 2s' -\- v — 2, i.e at 
V 1 — 2w. We are left with 

g7r(l-2u;)Vj/2^1-2u; 

S2{X,y) = 27rRes^=o 



y 



J2 is^i^rHa:^" Res,=i-2«, M(l -A;/2, w + 1/2, v; Fg, Gd)+0{X'). 



d>l 

(12.44) 

The function ReSt,=i_2«, M(l — A:/2, -11; + 1/2, v; Fg, Gg) has a simple pole 
at w = 0. When multiplied by T{w) the resulting function has a double 
pole at w = and we finally get 

S2{X,y) = 27:^— ^Kf {log{x/X') + c(/)) + 0{X^), 

y 

where 

^^f = ^^ Res^=o Res^=i_2^ M(l - k/2, w + 1/2, v- Fg, Gg). 

d>l 

The coefficient of logx appearing in the approximation of Si{X, y) is 

L(l,/, V2)e"/2''X 



L{l,f)L{l,g)y 



-E{1JJ) 
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As the sum Si{X,y) + 2S2{X,y) is independent of x, it must be the 
case that 

which imphes 

i^(i,/,v2) 



AnLilJ)L{l,g)E{lJjy 

XV2 



Substituting, finally, in 

S{X,y) = S,{X,y) + 2S2{X,y) + 
we have 



y 



y y \ y J 

L{i,f,\/^)e-/y'x\ogX ^ cuv^ ^ ^ r X^\ 



;i2.45) 



L(i,/)L(i,^)E(i,/,/)y y V y 

as claimed in the Theorem. 

References 

[I] J. Bernstein and A. Reznikov. Estimates of Automorphic Functions, Moscow 
Math. J. vol 4, number 1 ]ages 19-37. 

[2] V. Blomer. Shifted convolution sums and subconvexity bounds for automorphic 

L-functionsIMRN, 73:3905-3924 (2004) 
[3] V. Blomer and F. Brumley. On the Ramanujan conjecture over number fields, 

Annals of Math. 174 (2011), 581-605 
[4] V. Blomer and G. Harcos. Hybrid bounds for twisted L-functions J. Reine 

Angew. Math. Volume 2008, Issue 621 pp 53-79 
[5] V. Blomer, and G. Harcos. Twisted L-functions over number fields and 

Hubert's eleventh problem, GAFA 20 (2010), 1-52 
[6] B. Conrey, and H. Iwaniec. The cubic moment of central values of automorphic 

L-functions, Annals of Mathematics, 151 (2000), 11751216 
[7] M. Deshouillers and H. Iwaniec. Kloosterman sums and Fourier coefficients of 

cusp forms. Invent. Math. 70 (1982), no. 2, 219288. 
[ 8 ] W. Duke, J. Friedlander, IH. Iwaniec. Bounds for automorphic L-functions 

II, Invent. Math. 115 (1994) 219239. 
[9 ] W. Duke, J. Friedlander, IH. Iwaniec. Bounds for automorphic L-functions 

HI, Invent. Math. 143 (2001) 221248. 
[ 10] W. Duke, J. Friedlander, IH. Iwaniec. The subconvexity problem for Artin 

L-functions, Invent. Math. 149 (2002) 489577. 

[II] The second moment of Dirichlet twists of Hecke L-functions Peng Gao, Rizwa- 
nur Khan, and Guillaume Ricotta. [arXiv:0812.2606 ^^2 [math.NT] 26 Mar 2009 



MULTIPLE DIRICHLET SERIES AND SHIFTED CONVOLUTIONS 103 



[12] D. Goldfeld. Analytic and Arithmetic Theory of Poincare Series. Asterisque 
61 (1979 95-107 

[13] D. Goldfeld, J. HofFstein, D. Lieman. Appendix to Coefficients of Maass forms 

and the Siegel Zero, Annals of Math, Vol 140 No.l 
[14] I.S. Gradshteyn and I.M. Ryzhik. Table of Integrals, Series and Products, fifth 

edition. Academic Press Inc. 
[15] D. Hansen. Test vectors in global trilinear forms and triple product L-functions, 

preprint 

[16] T. Hulse. Thesis (in preparation) 

[17] D. R. Heath-Brown. The fourth power mean of Dirichlets L-functions. Analysis 
1 (1981), no. 1 2532. 

[18] A. Ichino. Trilinear forms and the central values of triple product L-functions, 
Duke Math. J. 145:281-307 (2008) 

[19] H. Iwaniec,and E. Kowalski. Analytic Number Theory, AMS Colloquium Pub- 
lications, volume 53 

[20] R. Khan. Simultaneous non-vanishing of GL(3) x GL{2) and GL(2) L- 

functions, Arxiv, Number Theory 1103.5937, Theorem 1.1 
[ 21] H. H. Kim. Functoriality for the exterior square of GL(4) and the symmetric 

fourth of GL(2), J. Amer. Math. Soc. 16 (2003), no. 1, 139183, with Appendix 

1 by D. Ramakrishnan and Appendix 2 by H. Kim and P. Sarnak. 
[22] H. Kim, F. Shahidi. Cuspidality of symmmctric powers with applications, 

Duke Math. J. 112 (2002), 177197. 
[23] Y-K Lau, J. Liu and Y. Ye. Shifted convolution sums of Fourier coefcients of 

cusp forms. Number theory, 108-135, Ser. Number Theory AppL, 2 World Sci. 

Publ., Hackensack, NJ 2007 
[24] Y-K Lau, J. Liu and Y. Ye. Subconvexity bounds for RankinSelberg L- 

functions for congruence subgroups. Journal of Number Theory 121 (2006) 

204223 

[25] R.A. Rankin. Contributions to the theory of Ramanujan's function T(n) and 
similar arithmetic functions, Proc. Cambridge Philos. Soc. 35 (1939) 357-372 

[26] P. Sarnak. Estimates for Rankin-Selberg i-functions and quantum unique 
ergodicity. Journal of Functional Analysis 184, 419-453 (2001) 

[27] A. Selberg. Bemerkungeniiber eine Dirichletsche Reihe, die mit der Theorie 
dcr Modulformen nahe Verbunden ist. Arch. Math. Naturrid, 43 (1940), 44-50 

[28] A. Selberg. On the Estimation of Fourier Coefficients of Modular Forms, Proc. 
Symp. Pure Math, AMS, Vol HI, Theory of Numbers (1965) 1-15 

[29] K. Soundararajan. The fourth moment of Dirichlet L-functions, Analytic num- 
ber theory. Clay Math. Proc, vol. 7, Amer. Math. Soc, Providence, RI, 2007, 
pp. 239246. 

[30] K. Soundararajan, M. Young. The second moment of quadratic twists of mod- 
ular L-functions. J. Eur. Math. Soc. (JEMS) 12 (2010), no. 5, 10971116. 

[31] T Stefanicki. Non-vanishing of L-functions attached to automorphic represen- 
tations of GL(2) over Q, J. Reine Angew. Math. 474 (1996), 124. 

[32] T.C. Watson. Rankin triple products and quantum chaos, arXiv:0810. 0425^ ^3 
[math.NT] 

[33] M. Young. The fourth moment of Dirichlet L-functions Pages 1-50 from Annals 
of Math. Volume 173 (2011), Issue 1 1-50 



E-mail address: jhoffOmath.brown.edu 



104 JEFF HOFFSTEIN 

Department of Mathematics, Brown University, Providence, RI, 02912 



